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1. Prelude

This is the first piece of a series of notes on supersymmetry. We intend to present
the very basics of supersymmetry that is needed to explore more advanced topics. This
includes the construction and representations of super-Poincaré algebra in 4 dimensions,
the superspace formulation of N = 1 supersymmetric theories, the Wess-Zumino model,
and the super gauge theory. To fully show the power of superspace formulation, we also
introduce the path integral quantization of N = 1 theories, super-Feynman rules for
supergraphs. Finally we use these result to derive the perturbative nonrenormalization
theorem for superpotential.

Derivations are made quite explicit, and some mid-steps are kept so that the results
can be reproduced easily. However, this does not mean every single detail is presented
since that would obviously affect the main line of development.

There are already a world of introductory books, reviews, lecture notes on supersym-
metry. In preparing this note, we find those ones listed in [1-6] quite useful.

For any text on supersymmetry, notation is a big issue. In this note and succeeding
ones, we mainly follow the convention of Wess & Bagger [1], since the book is quite stan-
dard and its notations are widely used. In particular, we use mostly plus (—, +, +, +) met-
ric for Minkowski spacetime. For spinorial index summation, we use northwest-southeast
rule for undotted indices and southwest-northeast rule for dotted indices. More details
of our conventions and some useful relations are listed in the appendix.

2. Supersymmetry Algebras

Supersymmetry algebra is almost the unique nontrivial extension of the relativistic
spacetime symmetry algebra, mixing with internal symmetries. The algebra, by defini-
tion, has a Zs graded structure. According to this structure, all generators are classified
into two categories, which we will call bosonic and fermionic, respectively. If we collec-
tively denote bosonic generators by B and fermionic generators by F', then the Zs graded
structure manifests itself through the following brackets,

[B,B] ~B, [B,F|~F, {F,F}~B, (1)

where the square bracket is antisymmetric with its two arguments, while the curly bracket
is symmetric. In practice we always assume these brackets are realized as commutators
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or anticommutators. That is, we have
[B1, Bo] = B1By — BaBy, {Fy1, Fh} = FiFs + Falh. (2)

Therefore the super-Jacobi’s identity follows trivially. By super-Jacobi’s identity we refer
to a natural extension of ordinary Jacobi’s identity with the graded structure (1). More
explicitly, the identity reads,

0 = [[B1, B, Bs| + [[Bs, B1], B2] + [[ B2, Bs|, Bi],

0 = [[F, B1], Bo] + [[Ba, F|, B1] + [[B1, Ba), F], @)
0= [{F1, Fa}, Bl +{[B, I1], Fo} — {[F2, B], F1},

0= [{F, Fo}, B3] + [{F3, F1}, Fo] + [{ Fy, F3}, Ful.

Attention must be paid when using the identity with two odd generators since there is
an “extra” minus sign before the last term in the third line.

We are going to find the most general supersymmetry algebra including the Poincaré
algebra as a subalgebra in 4 dimensions. One can also consider supersymmetric extension
in other spacetime dimensions and with other spacetime symmetries, e.g., conformal
symmetry and (anti-)de Sitter symmetry. However, we will restrict ourselves within
Poincaré algebra in 4 dimensions in the current note, and leave possible extensions to the
future.

To begin with, we write down all commutators of Poincaré symmetry,

[Pwu PTL] = 07
[Jmnv PZ] = - i(nnlpm - anPn)a (4)
[erw Jpq] = - l(nqunp - nmpan - nanmp + nanmq)'

The super algebra to be determined should include these generators, together with some
fermionic generators, which we denoted by Q" as well as some bosonic (and thus inter-
nal, according to Coleman-Mandula theorem) generators, denoted by T*. The task is to
find all commutation relations among these generators.

Firstly, according to Coleman-Mandula theorem, T must be internal, and thus be
closed within themselves. Without loss of generality, we assume they are Hermitian, so
that

[Jmnv Ta] = [va Ta] =0, [Ta7 Tb] = ifabcTC- (5)

Secondly, the Zs graded structure of the superalgebra requires that the commutator
between one fermionic generator and one bosonic generator to be of the following form:

[JmnaQ]VI] ( m,n) NQN
[vaQM] ( m) NQNa
[TG,QM] _ (ta)MNQN.
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This shows that @Q’s form finite dimensional representations of Lorentz group, translation
group, and the internal group, with representation matrices b,,,, by, and t%, respectively.
One may apply Jacobi’s identities of (Q, J,J), (Q, P, P), and (Q,T,T) to see this point
more clearly.

As a finite dimensional representation of Lorentz algebra, the fermionic generators Q’s

always have the form Qé . Here the undotted and dotted labels correspond to

1 Qzpi B Baq
left-chiral and right-chiral components in the Lorentz algebra so(3,1) = su(2) 1, +su(2)g,

R ,%, .-+, and A is the index other than Lorentz indices.
Now, the anticommutator between the highest weight components of both @ and its

respectively, with p,q = 0, +,1

complex conjugation @Q* must be a bosonic operator in representation (p + ¢,p + q).
However, it is only P,,, among all bosonic generators, is in this form, namely (%, %), SO
we conclude that p+ ¢ = % Therefore Q must be a spinorial generator in irrep (%7 0)
or (0, %) We fix @ to be in (%, 0) without loss of generality, and write it as Q2. Then
Q* must be in (0, %), which we denote as Q44. Then, we have,

[Jm’ru Qﬁ] = - i(amn)aﬁng

[Jm’ru @%] = - 1(6mn)aﬁ@i

(6)

It then follows immediately that {Q, @}, which carries (4, 1) representation of Lorentz
group, must be of the form

{Q4,Q4p} =2X"5(0™) 5 Pn-

The factor 2 is conventional. Now taking the Hermite conjugation reveals that X4 5 is
hermitian. Together with the fact that {Q, Q} is positive definite, we see that X Ap can
always be diagonalized to identity §4 5 by a linear redefinition of Q% and Q sp- Thus we
have,

{Q4,Q4p} = 20" (™) 45 Prn- (7)

The commutators [T, Q] and [T, Q] are also easy to determine. The A, B-indices in Q4
and Q 4p are actually labels for representation matrices of internal symmetry generated
by T, namely,

(7%, Q41 = (t) " 5Qg, [T Qz4 = (1")4" Q- (8)

Applying (T,Q, Q) identity, it is easy to see (t*)4p = (t*)p?, i.e., the matrix ¢¢ is
Hermitian.
Next we consider [P, Q] commutators. Lorentz invariance requires that,

[Py Q21 = 022 (01n), 50
[P, Q%) = (b")4B(3m)*?QF.
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To see what the coefficient b2 can be, we apply Jacobi’s identity of (P, P,Q), which

implies,
bAB(b*)BC(Umn)aﬁQg = Oa (9)

which shows that bb* = 0. To find further conditions on b, consider the (P, @, Q) identity,
in which we need {Q, @} bracket. Though lack of a explicit form, Lorentz structure
requires that

{Q4,QF} = capZ? + Y AP (6™ €5y T

Then, (Py, %, QF) identity gives,

0=—1Y"*5(6""€)ap (MmePr — e Prm)
+ 2bBA(O'€)5B(UmE)O¢BPm - QbAB (O’e)aa(crme)gde,

which, after contracted with €*?, gives b48 = bB4. Thus, bb* = 0 implies that bb" = 0,
and so b = 0. That is,

[Pm7 Qﬁ} = [Pm7 QBA] =0, (10)

Substituting this back to the (P, Q, Q) identity further implies Y48 = 0. So we have
{Q4, Qg }=¢eap”Z AB _Here ZAP are some bosonic generators carrying no Lorentz indices,
and thus must be internal, can be expressible in terms of T%. So we write,

ZAB = ¢ABTA, (11)

Furthermore, the (T, Q, Q) identity gives [T, Z] ~ Z, meaning that Z4P form an invariant
subalgebra of internal symmetry; the (Q, Q, Q) identity gives [Z, Q] = 0, and thus [Z, Z] ~
[{Q,Q}, Z] = 0. So the invariant algebra formed by Z4% is Abelian. Thus we have,

[ZAB  everything] = 0. (12)

Thus ZAP are called central charges of the super-algebra. Substituting this back to
(T, Q, Q) identity, we get,

(1) paf® = —ait (1) 5. (13)

That means the coefficients aA? intertwine the representation t* with its conjugation
t**. Thus the central charges can exist only for groups admitting such an intertwining
relation. Up to now, all the (anti-)commutators of super-algebra have been nearly deter-
mined. However, the structure of the internal symmetry generated by T% can be further
restricted. In fact, it can be shown that, for N species of fermionic generators Q2, the
internal symmetry group is U(N) if there is no central charges, and Sp(N), if there is
one central charges. See Chapter 2 of [3] for a general discussion. We will also briefly
mention this again in next section.
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In summary, we list the super extension of 4 dimensional Poincaré algebra, which we
will refer to as super-Poincaré algebra, as follows,

{Q4,Qsp} = 26%5(0™) 3P,
{QévQE} = eaﬁZABa
{QdAa @53} = EQBZLBv
[P’man}] = [vaédA] - Oa

[Tnns Qi) = = i(0mn)a’ @,

onns Q5] = = 1(@mn)* 5@ (14)
[T°,Q) = (1) 5QE,

[T%, Q4] = () 4" Qs

]
]
]
[P, T = [, T*] = 0,
]
]

[ZAB  everything] = 0,

together with the the Poincaré algebra (4).

3. Representations of Supersymmetry Algebras

In this section we discuss the unitary representation of super-Poincaré algebra on
Hilbert space. The strategy is the same with the ordinary Poincaré group, namely the
method of induced representation. For this purpose, we need the Casimir operators of
super-Poincaré group.

Casimir operators of super-Poincaré algebra. Casimir operators commute with
all symmetry generators, so their eigenvalues are same for states in an irreducible rep-
resentation. Hence they are useful to classify irreducible representations. Recall that
Poincaré algebra has two Casimir operators, the momentum squared, P? = P,, P™, and
the square of Pauli-Lubaniski operator, namely W2 = W,,W™ with W,,, = %emnmP” JP4.
The eigenvalues of these two Casimir operators of an irrep define its mass m? and spin
J? (helicity s? for massless states).

In super-Poincaré algebra, it is easy to see that P? is still a Casimir operator, while
W2 no longer is, because one can show that [W?2 Q] # 0. This implies that, within an
irrep of super-Poincaré algebra, each state will have the same mass, but their spin can
be different. In fact, in the case of NV = 1 algebra, the second Casimir operator is given
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by C?, defined via,
C? = 5CpnC™,

Con = Wi + Q% (0m) ,5Q°.

Here we check that C? does commute with susy generators @ and Q.

Induced representation. According to the method of induced representation, we con-
sider two categories of representations, with mass m = 0 and m > 0, and choose a rep-
resentative momentum vector for each of them. The tachyonic case m < 0 is impossible
because it contradicts with the semi-positive definiteness of {Q,Q}. For massless case,
we choose ¢™ = (E,0,0, E), and for massive case, we choose ¢"™ = (m,0,0,0). The next
step is to find the little group in each case, i.e., the subgroup of the superPoincaré that
leaves the representative momentum intact. Finally, one find irreducible representations
for little group, which are also required to be finite dimensional, and boost them by
momentum operators to representations of whole super-Poincaré. Below we study the
massless and massive cases, with the procedure outlined here, respectively.

3.1 Massless supermultiplets

As mentioned above, for massless states we choose the representative momentum to
be ¢™ = (E,0,0, E). In non-susy case, the little group is given by an 1.50O(2) subgroup
of Lorentz group SO(3,1), i.e., the subgroup generated by {Bj, Ba, J}, defined via,

By = Jig— J13, Bz =Jy — Ja3, J = Jig, (16)
which satisfies the commutation relations,
[B1,B2] =0, [J,B1]=1iBa, [J,Bs] = —iB;. (17)

Clearly this is isomorphic to Galilean group in 2 dimensions. Since we are looking for
finite dimensional representations of the little group, the two translations B; 2 should be
represented trivially, with By 2|¢) = 0. Then, we can choose the eigenvalue A of the only
remaining generator L to label a representation, L|g, A) = A|g, A), where A is real number
and is called the helicity of the state. We note that A must be integer or half-integer
as in non-susy case, due to the double connectness of Lorentz group. In writing these
equations we keep other possible labels of states implicit.

Now let’s study the action of susy generators @ and @ on the state |g, \). We act

{Q.Q} on state [g, \),

{Q,Qsptla, \) = 20" (20E 8) g, A).
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o = 2 2
This implies that 0 = (¢, \[{Q%", Q§}a, \) = |Q%'le, V| + [QF1a, V)|, thus Q3'[q, \) =
Q4lg, ) =0.

Next, consider the action of {Q,Q},

{Qa, Q5 Ha, \) = capZ?P|q, ),

which must vanish, since the nonvanishing of €, requires one of two indices takes value 2,
so the left side must contain a ()2 generator that makes the expression vanish. As a result,
we have Z4B|q, \) = 0, namely, central charges vanish for massless supermultiplets.

The remaining generators of the little group that have nontrivial action on |g, \)
include Q4!, Qj 4, and J. They form the following brackets,

{vaéiB} = 4E5AB? {Q‘IA’Q?} = {@iAaéiB} =0,

(18)

1.1 =-3Q,  [1.Qial =+3Qia-
The first line tells us that the normalized operators a® = \/%Q‘f‘ and aL = \/%Qi A
generate a Clifford algebra. The second line shows that the action of rasing operator ag

or lowering operator a*

increases or decreases the helicity of the state by 1/2. There-
fore, the supermultiplet can be built by firstly defining the Clifford vacuum |Q(gq, \)) by
a?|Q(q,\)) = 0 for A = 1,---, N, and then acting raising operators on it. Since the
raising operators are all anticommute, this procedure must be terminated at some state.

To see this in more detail we first consider the simple example of N = 1. It’s easy
to see that N = 1 massless supermultiplet consists of two states only, namely, |Q(q, \))
and af|Q(g, A)). They have helicities A and X\ + 1/2, respectively. However, in order to
correctly represent massless particles with two states of opposite helicities, we need to
add another massless supermultiplet containing helicities —A — 1/2 and —\ states. As a
result, the union of these two supermultiplets describes a complex scalar and a massless
Marojana fermion, each of which has two states.

Then consider the general case of N susy generators. Now the Clifford algebra (18)
admits an U(NN) automorphism, given by the transformation,

Qt = U"BQT, Qs — Qipg(UNPa, UcU(N). (19)

Thus the N copies of raising operators form the fundamental representation of U(N) while
N lowering operators form the corresponding conjugate representation. When acting the
raising operators to the Clifford vacuum of helicity A, we will get (]Z) states of helicity
A+ 5. The procedure is terminated at a single state of helicity A + %N . Then we get

> (]T\L] ) = 2 states in total, i.e., the supermultiplet obtained in this way has dimension

n=0
2N, However, as discussed for the example of N = 1, an additional supermultiplet

with opposite helicity contents is usually needed to form a complete representation for
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massless particles. The only exception to this helicity doubling rule is the self-conjugate
supermultiplet, where states come in pairs with opposite helicities.
As an explicit example, an N = 2 massless supermultiplet consists of following 4

states,

e, ), e, V), JsalalQg V).
They have helicities A, A + 1/2, and A + 1, and are SU(2) singlet, doublet, and singlet,
respectively. The supermultiplet is self conjugate when A = —1/2, in which case no ad-

ditional supermultiplet is needed. When A # —1/2; we still need another supermultiplet
to complete the representation for massless particles.

Now it is easy to see that if we require a rigid susy theory, then we can have at
most N = 4, for a supermultiplet of N > 4 must involve state of helicity> 1. The
only known consistent theory of spin-3/2 and spin-2 is supergravity, which needs local
susy rather than rigid susy. Similarly, we would exclude massless susy theories with
N > 8 because such theories must involves massless particle with spin> 2, and it seems
impossible to introduce consistent interactions for such high spin massless particle in 4
dimensional relativistic quantum field theory [7,8]. For this reason we call N = 4 theory
the maximally extended Yang-Mills theory and N = 8 theory the maximally extended
supergravity.

3.2 Massive supermultiplets

For massive states we take the representative momentum to be ¢™ = (m,0,0,0).
Then the little group, besides the internal and fermionic parts, is an SO(3) subgroup of
the Lorentz group, generated by J; = %eijkjjk with ¢, 7,k = 1,2,3. Thus a state can be
labeled by the eigenvalues of P,,, J? = J;J;, and J3, which we write as |q, 7, j3). Then
we may examine the action of {Q,Q} and {Q,Q}, as did for massless case. Now we
distinguish two cases with and without central charges.

Without central charges. In this case we have {Q,Q} = {Q,Q} = 0, and the action
of {Q,Q} on state |q, j, j3) is given by

— . m 0 .
{Qa.Qsp}la, 5. js) = 20" <0 m) |9, 3, J3)- (20)
Thus we find the normalized operators a2 = %Qﬁ and aLA = %Qom still form a

Clifford algebra,
{Q£7 @53} = 2m5ABéaBa {Qﬁa Qg} = {deAa @53} = 0. (21)

This time we have 2NN raising and 2N lowering operators, 2 times many as massless
case. To see the supermultiplet formed in this case, we firstly consider the N = 1 case.
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The Clifford vacuum |Q2(q, j,j3)) with quantum numbers indicated is defined through
aq|Q(q, j,73)) = 0. Then a massive supermultiplet can be formed to be

|Q(Qaj7j3)>a a1|9(q7jaj3)>7 a11-|Q(q7j7j3)>a %aia;|Q(Q7]aJ3)> (22)

Recall that Q4 belongs to (%, 0) and Q44 belongs to (0, %), so both of them are spinor
under little group SO(3). Then, the spin of above states can be found by usual sum-
mation rule of angular momentum. More explicitly, suppose j # 0, then two states of
af4|Q(q,j,j3)> have spin j £+ 1/2, and %a}aém(q,j,jg)) has spin j, since here a; and a»
anticommute. On the other hand, when j = 0, both of aL|Q(q,j7j3)> have spin 1/2.

When there are N > 1 copies of susy generators, the Clifford algebra (22) has an
obvious automorphism SU(2) ® U(N) where SU(2) is simply the space rotation and
operates on spinorial indices, and U(N) operates on indices A. But this is not the largest
group. Actually, the algebra (22) is invariant under a larger group SO(4N), which
contains SU(2) ® U(N) as a subgroup. To make this manifest, we redefine the raising
and lowering operators as,

M= (ol +aly), TV = J5(ag +aly),

F2N+A:i(a’4 T)’ 3N+A — i

(23)
a\01 — a1y ﬁ(a’;—a;A),

with 1 and 2 spinorial indices and A = 1,--- , N. Then the 4N Hermitian operators I'"
form the following bracket,

(I".T°} =67, (r,s=1,--,4N) (24)

which is clearly SO(4N) invariant. Now we can still define the Clifford vacuum via
a|Q(m, j,j3)) = 0 for all a and all A. Then, acting raising operators aLA on Clif-
ford vacuum, we will finally get 22V states, forming a spinor representation of SO(4N).
This representation can be decomposed into two irreducible representations of dimension
22N—=1 " corresponding to bosonic and fermionic parts.

Besides SU(2) ® U(NN) mentioned above, the automorphism group SO(4N) also con-
tains another subgroup SU(2) ® USp(2N). This subgroup is important in that states of
the same spin form an irreducible representation of USp(2N).

With central charges. When central charges are present, we can write super-brackets
acting on a state |g, 7, j3) associated with representative momentum ¢™ = (m,0,0,0) as,

{Qﬁ,@[m} = 2m5AB5aﬂ‘7 {Qéan} = eapZ?P, {@am@gg} = _Gd[j’ZIlB (25)

Note that according to convention of [1], Z4p = —Z4B. The central charge Z4Z is

antisymmetric with its two indices and commutes with everything. So we are free to

10
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bring it to the following standard form ZAB = A sUYpZCP | by unitary rotations
UeU(N),

7= diag(Zle, e ,ZN/QE), (N even) (26)
7 = diag(Zle, e ,ZN/Q,le,O), (N odd)

where Z;’s are numbers and € = iy is 2 x 2 antisymmetric matrix with €2 = 1. Now,
we perform the same unitary rotation @ﬁ = U4 BQPF on susy generators @ and similarly
on @, and decompose the indices A = (a,I) with a =1,2 and I = 1,---, N/2. Then the
brackets (25) can be rewritten as,

{Q4F, Qpyyt = 2M6%0" 56,5,
Q4 @%J} = eqpe’6’ Z;, (27)
{Qéar Qpvs} = — €43€ab011 2,

To further simplify these anticommutators, we define new operators a’, and b%,, as follows,

1 = 75(Q' + €05 QF), (28)
b = 75 (R4 —e,3Q%).

Then, the anticommutators read,

{al,, a3} = {bl,, 03} = {al, b3} =0,
{a?, ag} = 0a50"7 (2m + Z;), (29)
{6,637} = dapd" (2m — Z,).

Now this is again a Clifford algebra with N raising and lowering operators when Z; < 2m,
and the supermultiplet can be formed in a similar way as described before, and it has
dimension 22V. However, once some Z;’s are equal to 2m, the corresponding {b,b'}
brackets vanish, and the dimension of the Clifford algebra decreases. In particular, if
Zr =2m for all I = 1,--- /[ N/2, all b’s should be removed from the Clifford algebra,
and the remaining a’s can generate a supermultiplet of dimension 2%V, which is the same
with the corresponding massless supermultiplet. Such supermultiplet is usually called
short multiplet, and it describes the so-called BPS saturated states. The Clifford algebra
(29) still admits the automorphism group USp(2N) provided al Z; < 2m. Once a
central charge saturates the BPS bound, the automorphism group becomes USp(N), or
USp(N + 1) for N odd.

11
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4. N =1 Superspace and Superfields

4.1 Superspace

Superspace formulation is a convenient way to realize both Poincaré and supersym-
metry transformation as coordinate transformations. In this way the supersymmetry are
kept manifest during every step of derivations. Thus it is very useful when quantizing
a supersymmetric theory. One can make an analogy with the covariant formulation of
special relativity. The superspace language to a supersymmetric theory, comparing with
the components field description, is what the covariant formulation of special relativity,
e.g., z", A,, comparing with the components description, e.g., (¢,Z) or (gb,/f).

For N = 1 supersymmetry, superspace formulation is an elegant way to derive all
renormalizable, and some imporantant non-renormalizable theories. The path integral
quantization based on superspace formulation is also useful when deriving important
N = 1 nonrenormalization theorems. Although these theorem can also be derived more
elegantly by applying holomorphy arguments, the diagrammatic proof by using super-
space Feynman rules is conceptually more straightforward.

A formal construction of superspace formulation is to make use of coset construction,
realizing the superspace as a coset space. In general, for a group G with a subgroup H,
the coset space G/H consists of equivalent classes of the identification ~, with

g1~ g2 iff 9591 € H.

A quite remarkable fact is that the 4 dimensional spacetime itself, can already be identified
as a coset, namely Poincaré/Lorentz. This identification means not only the correct
dimensionality, but also the correct transformation rules of coset coordinates under a
general Poincaré transformation. That is, the Lorentz subgroup is realized linearly in a
vector representation while the remaining translations are realized nonlinearly.

With this prototypical example in mind, it is easy to guess that a natural realization
of superspace is the coset SuperPoincaré/Lorentz. This is indeed the case. Now we
elaborate this idea. A general element gy €SuperPoincaré can be written as

go = €xXp ( —ia" Py +i§%Qa + lga@a) exXp (%iwmnjmn)- (30)

Then we can choose the representative element in each equivalent class to be the one
with w™" = 0. The points in coset space can now be parameterized by the coordinates

M = (2™,60%,04) and be written as exp(iz - K). Here we define the superspace inner

product as z - K = —2™ Py, + 0°Qq + 05,0Q%, with Ky = (P, Qqa, Q%).

SUSY transformations of super-coordinates. According to the spirit of coset con-
struction, the superPoincaré transformation of superspace coordinates are determined by

12
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the left group action. Thus we consider the action of gy on the point e* ¥ from left,

. s ! . mn
goelzK — l® Kelw Jmn/2. (31)

Note that the coset point e*% will be shifted away from our chosen parameterization,
and develop a J,,, term, after the left gy action, as shown above. Then, the coordinate
transformation for small group action can be found from this equation by applying the

1
Hausdorff’s formula e?eP = eA+B+3[ABl+

goe* X ~exp { —i(a+2)" Py +1(€+0)Q +i(E + 0)Q + Fiw™ Jinn
— £(6°0° + 86°){Qa, Qp} + Fw ™2 [Tun, P
— W0 [Jrn, Qal — 5™ 06 [Trn, Qd]}
=exp { — i(xm +a™ +100™E — ito™f + %wm”xn)Pm + %iwm"Jmn
+i(0% +£% = 5007 (0mn)5”) Qa
+(0a + Ea — 30" 05 (Fmn) o) Q% | (32)
In above derivation we use the relation such as [€Q,0Q] = £20°{Q., @3}, as well as the

shorthand notation £0™0 = £%(a™),, Béﬁ . Then we get the infinitesimal transformation
rules of super-coordinates,

™ — 2™+ a™ +i00™E —io™0 + %wmnxn,

0% — 9 _|_€a _ %wmnaﬁ(gmn)ﬁa7 (33)

Os — Os + &a — %wmnéﬁ(amn)ﬁa-

It is worth noting that the transformation rule above becomes exact even for finite pa-
rameters (a™,£%, €, if we turn off the rotation by setting w™" = 0, because all higher
order commutators vanish in the Hausdorff’s formula quoted above.

As expected, the Lorentz rotation acts linearly on all coset coordinates, while space-
time translation and supersymmetry transformation are nonlinearly realized as super-
translations. A special point is that supersymmetry also leaves a footstep on commuting
coordinate ™, due to the nonvanishing bracket {Q,, Q /3’}' This can be understood as
a sort of “noncommuting coordinates”, and it will distort the geometry structure of the
superspace from the trivial one.

Geometric structure. As a coset space, the N = 1 superspace has certain geomet-
ric structure, described by its vielbein and spin connection. When speaking of these
geometric structures, we should distinguish the ”general curved” indices for coset coor-
dinates from the “local flat” indices. We use ()™ = (-)(™##) as “curved” indices and

13
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()4 = (-)(@*%) as “flat” indices. Then, in the coset construction, the vielbein 1-form
E4 and spin connection 1-form Q™" are defined as components of the Maurer-Cartan
1-form —ie™#Kdel* K| via,

—ie #Kde* K = BAK L + 5 . (34)

To find these components, we use the formula

deX =X ; (ili);)! ad’y (X)),

where adx (Y) = [X,Y]. Then, taking X = —iz™P,, + 0Q + 0Q, we have

ieia:umfiGinéédefiwmP,,L+i9Q+i§@
—arpy, iy 646 +1d6Q)
"L (n 1)l (0e-i0R)

= [ —da® +i00"(df) —i(d6)c 0| P, + (d6)Q + (dF)Q. (35)

From this 1-form we see that the spin connection vanishes, and the components of vielbein
can be read off from E4 = dz™ Ej;4, and be written as

em® em® ema Om® 0 0
A . N
Ey®=|e. e euw|= —i(c")wb” 6, 0 (36)
eua e/l,a e,u,d —i9”(a“)pp€l’“ O 6”@

We can also define the inverse vielbein E4™ as usual, through either £ MAEAN = 6N
or EAMEB = §48. Explicitly, we have

eam ea'u eaﬂ 5am ] 0 0

E M =1e,m et eap | = i(om)a[géﬁ ot 0 (37)
am Lo L0, : . B Y
e e e“p 07(0™), 57 0 0%,

With the veirbein and spin connection known, we can find further geometric objects on
superspace. A very important one is the covariant derivative, defined through Dy =
EAM (0 + %me"Jmn). Note that wy,™™ = 0, then it is easy to find,

D, = 0q,
Do = —0 1 i(o™), 407
o= 504 +i(0™) 456" Om, (38)
. 0 5
& : my | _Ba&
D = % +19’Y(J )'Yﬂe am
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In practice, it is also convenient to define a antichiral covariant derivative with lower
index, namely,

— — 0
. =¢.-DPF = 0B (™M) 4.
D4 = edﬁD = _3§d‘ —1i6 (U )Baam; (39)

where 9/00% = (8/355)%&. We define D, with an extra minus sign to match the
convention of Wess & Bagger [1].
With this expression, we can easily prove following useful supercommutators,

[asza] = [am;ﬁ(i} =0,
{Da.Dg} = {Ds, Dy} =0, (40)
{DOHEB} = _2i(am)a56m-

As an example, we prove the last one for an arbitrary functions f on superspace,

{Da, Dg}f = (0a +1(0™)aab0%0m) (— 05 =167 (0™) 550n)
+ (=05 —10°(6™) 350n) (0a +i(0™) 00" Om) f
= — (00 +0300) f + (0™)aa(0") g5 (0767 + 6°6%) 0,0, f
—21(0™) 0 5Om S = 1(0™)aal* Om0s f +10°(0™) 350mOcf
—10°(0"™) 33 000m f + 1(0™) 060" 050m f
= —2i(0™),z0m[.

From (40) we see that the commutation relations of these covariant derivatives agree with
the SUSY algebra, with the identification of P, = —i0,,.

4.2 Superfields

Superfields are functions defined on the superspace. The SUSY transformations of
the supercoordinates induce a corresponding SUSY transformation on superfields. The
simplest superfield is the scalar superfield ¢(z), which by definition is invariant under
such a SUSY transformation, namely,

¢'(2) = ¢(2), (41)

where the induced SUSY transformation on ¢ has been defined in the passive way, which
is contrary to the conventions for x-space fields. This convention actually derives from
the SUSY transformations for component fields which has become the standard one in
SUSY community. With this convention, the infinitesimal SUSY transformation on a
scalar superfield ¢(z) is given by

30(2) = ¢/ (2) — ¢(2) = d(2') = d(2) = 82" O g(2). (42)
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From discussion above we know that the coordinate variation 6z is further induced by
the left action of a small superPoincaré group element §g/ = (a™, £, &4, w™"). Thus
we may further write §z2M0y; = §g {0y = 0g' X;. By definition, X; = f;M0,, is
nothing but the Killing vector associated with SUSY transformations on the superspace.
Then from (33) we find that

St 0 0

" —i(0*), 40" 5o’ 0
fI - 7'9“/( f) . Ba 0 5d. . (43)

WiHo ), 4€ B

L(@mbh — wadl)  —10°(0mn)s®  —103(Gun)%a

Therefore, the Killing vector X7 = M0y = (Xon, Xa, X¢, Xy ) is given by

Xm = Om,

o .

Y i(sm) LB
Xo = 500 1(0™) 058" O "
<o O g 44
X = % —107(0' )"/666 87)’“

0 = ;0
_ 1 _ _ g8 o9 g5 8. 9

Xin = 5 (TmOp — n0m) — 10”7 (0mn) s 500 i03(0mn) TR

As always, the index of Killing vector X% can be lowered according to X4 = edBX 8,
Then, all the Killing vectors X; also form a closed algebra. In particular, we have

(X, Xa] = [vaXB] =0,
{Xa, Xp} = {Xa, X5} =0, (45)
(X0, X5} = 2(0™) s Xom.

aB

Note that there is an overall sign difference on the right hand side of these commutators,
comparing with original susy algebra. This is due to our passive interpretation of susy
action. On the other hand, had we define the group action on the coset space by right
action (rather than left action), the Killing vectors would be given exactly by the covariant
derivatives introduced in (38).

It is illuminating to display the susy transformation of a scalar field in component
form at this stage. By expanding into components, a scalar superfield ¢(z) can be written

as,

F(z",0%04) = f(z) + 06 (z) + 0x(x) + 0*m(x) + 02n(z) + 0™ 0v,, (z)

- OON(x) + 0P0u() + 020d(x). (46)

Thus, the SUSY transformation on component fields, defined by §F(z) = df(z) +
0%5xa(x) + -+, can be worked out by acting on each component field the operator
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Notes by Zhong-Zhi Xianyu
X =£69X, + €4 X = €0, + £40% —i€0™00,,, + 100 ED,,.
Xf=—-i(0™0—05"E) 0 f,

X0¢ = £b —i(€0™0) (001 ¢) +1(00™E)(00,n0)

— 66— 3(0570) (60" 5,0
XOx = Ex — i(60™0)(00mx) +i(00™€) (00 X),
= EX + 50°(€0™OmX) +

X0%m = 260m — i(€0™0)(0%0,nm),

X6%n = 260n +i(00™€)(0*0,n),

TmOn®) + 50°[(Ome)o™E ],

%(ngé) [(amX)5nUm£] ,

(O™ vy, = (€00 — 0™ E) vy, — 1(50”9_ — 90"5) (00™ )0y, v,

= (0™ — 00™E)v,, — £6%0°(0
n)ﬁﬁ'éﬁ(omL>adédanvm7

+ 160267 (o
—i(£a™0)0%(00mN)

XO20) = 2(£0)(ON) + 62(EN)

= (05™0)(A\Gm&) + 0% (EX) + $0%0%(E0™ 0 N),
02 (&) + 2(60)(0) +1(60™€)6%(00,,1)),
(00™0) (1) + 56262 [(Omip)a™E ],

XO0%01) =

™)aaé’(0") 55 Onvm

= 0°(¢w) +
X620%d = 202 (£60)d + 20%(£0)d.
In deriving these results one may find the relation (07)ag(5n)?? = —26,°04° useful
Specifically, one can use it to derive more relations that can be put directly into use, such
as,
(£0™0)(00me) = 5 (00™0)(£0" T Ond),
(00)(0%) = 5 (00™0)(XTm9),

Finally, we get

of = & +EX,
5% = 26%m —
0Xa = 26an +E%(0
dm = EX+ 1 [(Ome)o™E ],
on = &Y + 3€0™ X,
SV = A€+ Eomt) — 250 TmOn® + & (
— (0™ aadmm + 3¢

eaﬁ(am)ﬁﬁfg (vm — iamf),
™) ad (Um - iamf)v

SXg = 284d (0™ 5
oY = 26%d + 1P (o™
= % [go-ma’m;‘ + (am'(/})o'mé] :

*)

)mfﬁamm + 380" )

&0
(o

a™€,

)adanvm7

g )Baanvm;
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We see that a scalar superfield contains z-space fields of spin-0, 1/2 and 1. Tt is simply
the “general scalar supermultiplet” in the language of tensor calculus of rigid susy. We
know that this supermultiplet is “reducible”, in the sense that a subset of its components
transform into themselves without on-shell condition. Therefore it may be possible to
constrain some of components in this supermultiplet to zero in a susy-invariant way.
In superspace formulation, these constraint can be put into an elegant form by acting
covariant derivative Djy; on the superfield ¢. Here it is worth noting that the covariant
derivative Dy is really “covariant” because they supercommute with all Killing vectors,
namely, [Dys, X;] = 0. More explicitly, we have,

{DavXﬁ}:{f)mXﬁ'}:{Davxﬂ'}:{deXﬁ}:O' (48)

They can be proved directly from the definitions (38) and (44).

Now with a scalar superfield and covariant derivative in hand, we can construct new
superfields. Rather than taking products of fields and covariant derivatives, we are ac-
tually more interested in applying constraint on a given superfield such as the general
scalar superfield F' studied above. This is because unconstrained superfields like F' are
usually reducible, in the sense that a subset of all component fields may transform within
this subset closely. Therefore, we expect that appropriate constraint could help to pick
up irreducible part from a general superfield. The constraint should of course be susy
invariant, and be such that no a-space constraint is generated (in form of differential
equations).

The general scalar superfield F', as we shall see, is a typical reducible superfield. How-
ever, it is not completely reducible, i.e., it can not be written as a “direct sum” of several
irreducible superfields. Nevertheless, we will see that the most general renormalizable
N =1 susy theories in 4 dimensions can be constructed starting from two distinct ways
of constraining the superfield F'. The first one is given by the chiral constraint DsF = 0
and the second one is the reality constraint F' = F. The resulted superfields are called
chiral superfield and vector superfield, respectively. In what follows we study these two
types of constraints in turn.

5. N =1 Chiral Theory

The super space formulation is an elegant and powerful tool to construct N = 1 rigid
susy theories, in both of their classical and quantum forms. The classical action can
be built as superspace integral over susy-invariant superfields and the supersymmetry is
manifest during all derivations. When performing superspace integral, it is important to
distinguish between chiral and unchiral superfields. This is because, the chiral superfields
are constrained by chiral condition, thus its integral over the whole superspace yields zero
result. Therefore, in building an action functional for susy theories, we should study two
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distinct possibilities. One is an integral of unchiral superfield F over the whole superspace,
namely [dz F(z), with z = (x,0,0) and dz = d*zd?0d?0, and the other is an integral of
chiral superfield ® over a part of superspace only, namely [ d*zd?6®(z) + h.c..

5.1 Chiral superfields

The chiral superfield, by definition, is a scalar superfield ® satisfying the chiral con-
straint D,® = 0. To find the component form of the chiral superfield ®, we note that
the constraint is solved by ® = ®(y_,6) where y™ = 2™ +i#c™0. That is, ® can has
arbitrary dependence on y” and #® but is independent of 6. This can be seen easily
from the fact that Dsy™ = 0 and Ds0% = 0. Then, we may immediately write,

= Aly-) +V20u(y-) + 0°F(y-)
= A(z) +100™00,, A(z) + +6°6°0A(x) (49)
+ V20e)(z) — 5507 (0n (@) 0™ + 67 F ().

Similarly, we may consider the conjugate field ®f, which satisfies the constraint D,®! = 0,
which can be solved by ®F = ®T(y,, ) with y7 = 2™ — i#c™§. Then we find

O = A (y1) + V209 (yy) + 02 F*(y4)
= A*(2) —100™00,, A* () + +0°0°0A* (z) (50)
+V20i(z) + %97290’" () + 02 F*(z).

To find the susy transformations of component fields (A, ), F'), it is useful to reexpress
Killing vectors X, and X4 in terms of new coordinates (y_,0,0) as

0 < p) p)
Xo=-, Xo=—— +200")0a=—- 1
o 5ge +2A0°(@™) By (51)

Then, we have X = £ X, + £ X = €20, + £40% + 2i00™E(0/0y™), and thus,

XA(y_) = 2000, A(y_),

X0y(y-) = EY(y-) —i6* (Dmib(y-))o™E,
XO0?F(y_) = 260F(y_).

The susy transformation of component fields then follows directly, as

0A = V28,
5%4 = \/ii(am)adgdamA + \/ifaFa (52)
OF = — V2i(0,n1b)o™E.
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The chiral superfield contains components of spin-0 and 1/2. It can be used to construct
Wess-Zumino model. We will discuss this model and its possible extensions in next
section.

5.2 Wess-Zumino model

The Wess-Zumino model may be the simplest rigid susy theory in 4 dimensions. In
superspace formulation, it can be constructed with a single chiral superfield ® satisfy-
ing D4® = 0 together with its complex conjugation. We firstly write down its action
functional in superspace,

2 3

S = /d4xd29d2§ P+ /d4ac [dze (A@ + D2y £<1>3) + h.c}. (53)

To find the component form of this action, we should work out the #26%-component of
®T® as well as the #2-component of ®2 and ®3. From (49) and (50), we see that

DT P|goge = L[A*OA + (OA*)A — 2(0, A) (0™ A)]
+FF - %(wam m&""@&m m¢)7
®%|g2 = 2A4F — ¢y,
®3|g2 = 3A%F — 3AYn.

Thus we get the Lagrangian in z-space to be

L = A*OA+ F*F — ipo™ )

(54)
+ [\F +m(AF = Lyw) + gA(AF - ¢0) + b .

Clearly, the Lagrangian contains two complex scalar A and F and a Weyl spinor .
Among them, A and v have canonical kinetic terms, while F' is an auxiliary field without
a kinetic term. Therefore, the model has (2 + 2) off-shell bosonic degrees of freedom and
4 off-shell fermionic degrees of freedom. After applying equations of motion, we see that
the numbers of both bosonic and fermionic states are 2. In fact, the equations of motion
corresponding to F' and F'* read,

F*+ X +mA+gA? =0, F+ A +mA* +gA*? =0. (55)
Substituting them back into the Lagrangian (54), we get
& = ADA - iho™ 0, — Lm(unp + Pib)
— V(A A") = g(Apy + A™)), (56)
where the scalar potential,
Vr(A, A*) = F*F = |\ + mA + gA?|?, (57)

is nonnegative, with the global minimum #% = 0 reached by F' = 0.
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5.3 General chiral theories

Now we consider the effective action expressed in terms of some chiral superfields ®!
and ®'7 only. In this case the most general renormalizable Lagrangian can be easily
found on dimensional ground, and gives simply the Wess-Zumino model,

_ 1 1
L= / d?0d%0 M o' + 2Re / d?¢ (AI<I>I + EmU(I)ICI)J + §gI,]K<I>I<I>J<I>K). (58)

Now, as a first step of generalization without restriction of renormalizability, we can
write down the following Lagrangian, which is actually the most general non-derivative
Lagrangian of chiral superfields,

L =%+ By = /d29d2§K(¢, ®f) + 2Re /d20 W(®), (59)

where IC(®, ®T) is an arbitrary function of both ®/ and ®/ but not their derivatives,
and is called Kihler potential, W(®) is an arbitrary function of ®! without derivatives,
and is called superpotential.

Nonlinear o model. We consider the Kahler potential I first. It is a natural extension
of the quadratic term ®T®, which provides correct kinetic term for each component
field except for auxiliary one. In fact, the quadratic term is the lowest order among all
nontrivial terms.

A quick observation is that the corresponding action is invariant under the following
transformation,

K(®,®") — K(®, ") + 2Re f(P), (60)

where f(®) is an arbitrary function of ®. This is obvious because f(®) is also chiral, and
thus its #20%-term is a total derivative.

Now we consider the component form of the Kahler potential term. Recall that a
left-chiral superfield ® has the following component:

I'= Al(z) +i00™00,, A" (z) + L020°0 A" (z) 0L
V30 (1) — 502 (0! (2))0™0 + 02 F (). (61)

Then, the Kédhler potential term can be expanded at the point (A, A*) as
L = |(0rK)®T + (97K) BT + (9;97K), 5T D1
(010,05K), 877 K 4 1(9;0;0;K) ' oM 1K

1

+ 3

+ 4 (010,0507K) B/ BISEGIE]
0262
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where ®/ = & — A’ and the subscript “ | 7 in (8;K )| and similar expressions means
taking values at (A, A*). Using
1O |poge = — L(8,,AT) (0™ A*) + FTF*/

[ 0™ 0 — (Omvs")o™ 9],

1
2
-3
(T)I(T)J(T)TK|02§2 _ % [( )’L/)JO'm?/)K + (amAJ)wio_m,(ZK] . ’l/JIQﬁJF*K,
ST a5 = (107) (K0P,
On the other hand, we may view ® and Pt as cpmplex maps from spacetime manifold
to a complex manifold with coordinates (Af, A*f). From this viewpoint, we add bars

for anti-holomorphic indices, and use the notation 8; = 9/0AL, 8; = 8/0A*L. Then
K(A, A*) provides a Kéhler metric on the target space by

917 = 010 7K (A, A*). (62)
Then we have,
(a[ajéf(KN = aIng( = gKI?th
(010,0%0:K)) = 01079, = R g1 + F;(JQKTP;?Z‘

Thus the Kahler potential in the Lagrangian has the following component form,
Ze = 003 ] ~ @uAN @A) + FTET — L (0™ (D) — (D) o™ )| -

63

1 e =7 — -7

— S xr (T Y F R 4 TRGTGF) 4 - (0rdr,7) 1) (G557,

where (D th)! = O t) + T (0 AV )WK, (Dynth)! = 0 th + T (9, A )05
Then we consider the superpotential W(®). To find the corresponding component
form, we also expand it around A’, which leads to,

Sy = 2Re [(afvv)mf - %(afa,www]. (64)

Then, combining (63) and (64), we can again solve the auxiliary field F! from its equation
of motion to be,

Fl= g7 @ W) + L0079k, (65)

Substitute this solution back into the Lagrangian (63) and (64), we get,

&L =- 9rj (6mAI)(67"A*J_) + i (¢10m(@m7})j - (me)lgm@j)}
TRy (6 F D) — g 0w, (91 (66)
— S (DD W) (DD W)
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6. N = 1 Gauge Theories

6.1 Vector superfields

The vector superfield V is actually a “real” general scalar superfield, satisfying the re-
ality condition VT = V. From the discussion above we see that a general scalar superfield
contains a complex vector component. The reality condition here constrains this vector
field to be real also. Thus the vector superfield V may be used to construct gauge theo-
ries. Therefore, we need to introduce gauge transformation for vector component which
should be consistent with supersymmetry. Meanwhile, the independent components in
V' are much more than needed. As we will show now, these two problems can be solved
together in an elegant way by introducing super gauge transformation.

To this end, we note that the sum of a chiral superfield with its complex conjugate is
a vector superfield. Now let iA be a chiral superfield, in which the factor i is conventional.
Then, the super gauge transformation for the vector superfield V is defined to be

V =V +i(A - AT). (67)

To see the effect of this transformation, we goes to the component field representation.
For V', we write,

V = C(z) +i0x(z) — i0x(z) + 20 [M(z ) 1N( )] — $0*[M*(z) — iN*(z)]
— 00" v, () +16°0[ N (@) + $0™Omx(2)] — 10°0[A(z) + $0™Omx(2)] (68)
+ $+6%0°[D(z) + £0C(z)].
The reality condition requires that C(z), M (x), N(x), D(z) and vn,(z) to be real field.
This parametrization for V' is specially chosen so that A(x) and D(z) are gauge invariant,

as will be seen. For the gauge parameter superfield iA, we can write it as iA = A(y_) +
V200 (y_) + 62F(y_) as always. Then, clearly we have

i(A = AT) = A+ A" +V2(0¢ + 0¢) + 0°F + 0> F* +i00™00,,(A — A¥)
+ %9%5’” ) + %@90"” ) + +020°0(A + A¥). (69)
Then the gauge transformation (67) can be rewritten in component form, as

C—C+A+ A" Um — Uy — 10 (A — A"),
XY = X = V2i%, AT =AY, (70)
M +iN —- M +iN —2iF, D — D.
We see that the vector component v, has the correct gauge transformation as required.

The two higher components A* and D are indeed gauge invariant, while the three lower
components C, x%, and M;N, can be gauged away completely. Therefore we can choose
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a gauge by using the degrees of freedom from Re A, ¢, F', such that V' has the following
form:

Vivz = —00™0v,, (2) 4+ 10%0A(z) — i0%0A(2) + +60°6°D(z). (71)

This is the so-called Wess-Zumino gauge. Note that the gauge freedom in vector field v,
is not fixed, which corresponds to the freedom in Im A.
A gauge invariant superfield W, can be constructed from V via

W, = —+D’D,V. (72)

It complex conjugate W4 = —+D?D,V is of course also gauge invariant. Indeed, the
gauge transformation of W, is given by

§Wo = —1D?DyA = 1D*{Dy, DA = £ (0™)0a0mD*A = 0. (73)

The component form of W, can be found directly from its definition. Since it is gauge
invariant, we can begin with Viyz in Wess-Zumino gauge. The calculation gets simpler in
(y—,0, 9) or 44, 0, 0 coordinates. Thus it is useful to keep in mind the covariant derivatives
in these coordinates, given by,

D, = % + 2i(o—m)me‘daim,
Y= in (y_,0,0) coordinates (74)
— 0
Do = — =,
00
and,
B o o in (y4,0,0) coordinates (75)
& == 772 —20%(0™)ac 5 m>
ggs ~ A0 eag

So, begin with (71), we firstly go into (y.,0,0) coordinates to simplify D,, then to
(y—,0,0) to simplify D?,
Vivz = — 00" 0oy, (y+) +1020X(y+) — 020X (y+)
+ 160%0°[D(y) +0,m0™ (y4)]
= DoVivz = — (6™)aal0%0m (y4) + 2i0 (6A(y4+)) — 102 X\a(y+)
+0,02[D(y) + 0™ ()]
= — (0™) a0 [Um (y—) — 210000, vm (y—)]
+ 20 [OA(y—) — 2i(00™0)00, A(y-)]
—10°Aa(y=) + 0a0% [D(y_) + Omv™ (y-)]
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= Wo = i(0™)aa(00™€)“Opvm (y_) + %92(0"%&8”?\@(@/,)
—Aa(y-) + 0a[D(y-) +i0pmv™ (y-)]

Then, using the relation,

(0")aa(0™)55 = (0™ )aa(0") gg = 2(0""€)apess + 2(0"™) s g€ap;
(0")ac(@™) g5+ (0™)aa(0™) 55 = = 1" eapess + 40" )ap(0 )4,

we finally reach the following expression for W, and similarly for W,

Wa = —ida(y-) + 0aD(y-) — i(6™"0)aVmn(y—) + 0*(6™)aa0mA* (y-),

B - o e (76)
W =iX*(y1) +0°D(ys) +i(8™"0) “vn(y4) + 02 (™)** O oy y),

where vy, = Opmvn — OpUy, is the ordinary field strength. Note that W, and Wy, are
spinorial superfield and are chiral (antichiral), namely, DgW, = 0, D,W4 = 0, as are
obvious from their definition. However, W, and W4 are not the most general spinorial
(anti)chiral superfield, i.e., they satisfy certain constraint. The constraint is actually from
the reality condition for V1 = V| which implies that

DeW,, = DaW¢. (77)
A proof for this relation is straightforward,

D*W, = +({D* D} — D*D*) ({D4,Da} — DaDs)V
DD?D,V = DaW*.

NN

In fact, one may begin directly with a constraint chiral spinorial superfield W, and
to find its component form (76). The strategy we present here, however, is to firstly
solve the constraint (77) by an unconstrained vector superfield V' through (72). The
unconstrained solution V', then, is said to be the prepotential. This is fully in parallel
with the case of ordinary Maxwell theory, where one can begin with either the vector
potential A,, subjected to gauge transformation, or the field strength F,,, subjected to
Bianchi identity. Indeed, the superfield W, can be thought as a susy generalization of
field strength. In next section we will study how to use it to construct super Abelian
gauge theory as well as its non-Abelian generalization.

6.2 Super-Maxwell theory

Before studying the general case of non-Abelian gauge theory, we firstly take the
Abelian gauge theory as a warming-up exercise, which we refer to as super-Maxwell
theory.
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As we learned in last section, an susy invariant action functional for gauge field can
be built from the super field strength W, defined in (72). In fact, a proper action is given
by

1
S = / dhz [d29 T WOW, + h.c.] (78)

To find the component form, we evaluate §2-component of W*W,, as follows,
WoWa g2 = —2iAa™ O\ — %vmnvm” + %vmn'ﬁm” + D?,

where v,,, = %emnpqqu is the dual field strength. The term v,,,v™™ has no effect

in Abelian gauge theory since it is a total derivative while the Abelian gauge theory is
topologically trivial. Thus the component form of the Lagrangian is

I 1 S
L = = Umnt™" + 5D = A0 I (79)

Therefore a pure (without matter field) supersymmetric Abelian gauge theory contains
a free vector boson v, (photon) together with its susy partner A (photino), which is a
free, massless and U(1)-neutral Majorana fermion. The counting of degrees of freedom
goes as #boson= 1+ 3 and #fermion= 4 for off-shell states, and #boson=#fermion= 2
for on-shell states. We note that when counting off-shell states, the gauge freedom in
photon should be excluded because the theorem of equal bosonic and fermionic states is
established for gauge invariant states.

Here we briefly touch on the susy theory for a massive vector field. The theory is
clearly not gauge invariant. Thus the mass term m?V?2 should be built from the original
form of V in (68). The §26%-component of V2 then involves not only v,,, A, and D, but
also M, N, C, and x. This is easy to be understood since an extra polarization state for
massive vector particle needs corresponding susy counterpart.

Now we study the matter couplings of the super Maxwell theory. By matter we mean
some chiral superfields ®;. If these fields are charged under local U(1) gauge symmetry
with U(1) charge t;, their gauge transformation should be given by

O; — e MDD 5 MM BT (80)

Clearly the original bilinear form ®'® in Wess-Zumino model is not gauge invariant.
Recall that the vector superfield V' transforms under local U(1) according to (67), then
a gauge invariant bilinear constructed from ®; and its complex conjugation is given by
(I’jetivti’i. Then, a general renormalizable U(1) gauge theory has the following action,

i 1
S :/d4;z:d20d20 oletVa, + /d‘*z{d?e TWOWa + he|

+/d4x [d%(%mij@i@j + %gijkq)iq)jq)k) +he. (81)
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The couplings m;; and g;j, should vanish for those terms with ¢;+¢; # 0 or ¢t;+t;+t, # 0,
respectively. The integrand in the second line of this action is conventionally referred to
as superpotential. To find the component form of the gauge invariant kinetic term for
matter fields, we can evaluate V' in Wess-Zumino gauge. Then,
BTV D|poge = F*F + A'DA — ip™ 0t

+ tu (F90" P + SATOTA - AT AY)

— (AN — A"X) + 5 (tD — G tv,0"™) ATA. (82)
SQED. As an prototypical example, we write down the Lagrangian of super quantum
electrodynamics (SQED) in its superfield form. By construction, SQED is a U(1) gauge
theory with two chiral superfield @4 with charge £1. The gauge transformation of them
are given by &4 — eT*A®, which we rescale by the gauge coupling e. Then, the action
reads,

1 _
S :/d4x(d29 TV We —l—h.c.) +/d4:cd29d29 dl etV
+m/d4x(d29<1>+<1>_ +d% ol ael). (83)

Therefore, SQED contains a massless photon, which is a vector gauge particle, a photino,
the susy counterpart of photon, which is a massless Majorana fermion without U(1)
charge. Furthermore, SQED contains two complex scalar fields (selectron) with U(1)
charges £1, as well as two Weyl spinors (electron and positron) with charges £1 also.
They can be gathered into a single Dirac spinor. Of course, electron (positron) and
selectron have equal mass.

6.3 Non-Abelian gauge theories

Now we come to the non-Abelian theory with gauge group G with the corresponding
algebra given by [T, T°] = it®°T°. The generators T are chosen to be Hermitian
and are normalized as tr (T,T}) = kdqp with & > 0. The gauge transformation in this
case is most straightforward for matter fields, which is simply given by ® — ¢~ A® and
of — @TeiAT7 where A = A®T®. Then, in order that ®fe?V ® remains gauge invariant,
we see that the gauge transformation for the vector superfield V' = VT should be

generalized to,

€2V s omIAT 2V iR (84)

Here we write e?V rather than e to recover the correct field normalization in the La-
grangian. After expanding this transformation rule we see that at the leading order,
V-sV+ é(A —AT)+---, thus one can still use Wess-Zumino gauge in non-Abelian case.
The full expression for this transformation rule at the linear order in A reads,

V =V +iady (A + AT) +iady [coth (ady ) (A — A)T] + O(A?). (85)
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The gauge covariant super field strength can be defined as,

Wo =——D%(e ?VDae?"), (86)

Then W, transforms under local G as,
— s _ . i s T .
Wa _ %DZ [6 1A6 2V61A Da(e iA 62V61A)]
_ efiAWaeiA . %efiAf)ZDaeiA

o (87)

As claimed, W, is gauge covariant. The component form of W, can also be easily found
in Wess-Zumino gauge in which VV?{,Z = 0. Then we have,

W2 =1 =200 0vy (y1) + 210%0A(y1) — 2i0°0A ()
+ 9252 [D(y+) + 187,L1}m (y-‘r) - Um(y+)vm(y+)]v (88)

and finally we find that,

Wao =—=1ida(y-) + 0aD(y—) —i(c™"0)avmn(y—)
+ 92(0m)advm5‘d(y7)v

. . . (89)
W =iA*(y4+) +0°D(y+) +1(6™"0) “vymn (y+)
+0%(5™) Vi Aa (),
where vy, = OmVn — OV +1[Um, vy] 18 the non-Abelian field strength, vy, = %emnpqqu

is the dual field strength, and V,, A% = 9,, A% +i[v,,, A%] is the gauge covariant derivative
for A*. With these expressions, we can evaluate the bilinear term WW,, as we did for
Abelian theory,

W Walgz = =200 0 — S0, 0™ + L0,,0™" + D2,

The topological term v,,,0™" could be important for non-Abelian gauge group. To
keep track of this term in the action, we introduce a complex coefficient 7, defined to be

9 A7
r=2m | AT (90)

27 g?’

where ¢ is the gauge coupling and Oy, is the topological angle. Then, a well-defined
action can be written as

d*zd?0tr WW,, + h.c.. (91)

-
5= 167ik
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The definition for 7 and the choice of imaginary part in the action is conventional in
literature, and k is arises from normalization of generators through tr (7,T;) = kdas.
Then, we find the component form of the Lagrangian to be

1 1
L= —tr —= Um0+ —DQ — —)\ MY+

? 4 5 ——— Uy U . (92)

To include matter superfield is also straightforward. For a chiral superfield ®; lying in

some representation of G with matrix T}, the kinetic term is given by @I(eQV)ijq)j. In

components, we get,
TV P|yog: = L[A'DA + (OA")A] — £ (9, A%)(O™A)
+iA* v, 0 A — (0, A"V A + A*( - vmvm)A
— 36670t — (Om )5 Y] + Y6 vt + F*F
+V2i(A* M) — PAA). (93)

Then, upon integration by parts, we get the Lagrangian for matter field as

L =— (VAN (VTA) — i)™V b + F*F

4
+ A*DA + V2i(A* M) — pAA), (94)

where V,, A = (0, + iv)A and V00 = (Op, + 10, )1, and v should be understood as
matrix under the representation to which the matter fields belong. Now, combining the
Lagrangian for gauge fields (92) and for matter fields (94), we see that the auxiliary field
D, when substituted by its field equation D® = —g2 A*T* A, generates additional term in
the scalar potential, given by
1 g 2
Yp(A,A*) = —D*D* = =—(A"T*A 95
D( ; ) 292 2 ( ) ’ ( )
which, just like ¥% in (57), also contributes a nonnegative term to the scalar potential,
as required by supersymmetry.

7. Path Integral Quantization

7.1 Superspace path integral

Now we introduce path integral quantization in superspace formalism. The basic
idea is the same with the ordinary path integral formulation. We begin with the action
functional, which is an integral over the whole superspace for nonchiral fields and a part
of the superspace for chiral fields. In general, we may write

S = /d4a:d20d20.$[v D, '] (/d%d%f[ ]+hc) (96)
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where ® is a chiral superfield and V is a vector superfield. The most general renormal-
izable N = 1 rigid susy theories can be expressed solely in terms of ®, ®f, and V.

To find a corresponding quantum theory for this classical action, we should define
the partition function Z[J], from which we can find the generating functional G[J] for
connected Green’s functions, as well as the 1PI effective action I'[¢]. All these quantities
can be defined as usual. In particular, we can still write down a perturbative expansion
for Z[J]. Suppose the action S can be decomposed into a free part and an interacting
part, S = Stee + Sing., then,

Z[J) = Z[0] /DfI)D(I)TDV exp [iS +1V - Jy +i(® - Jp + h.c)]

. § 5 4
=P (lS int {iéJv 1070 1091 } ) ZtreelJ); (97)

where V - Jy = [d%2d?0d*0V Jy, @ - Jp = [ d*zd?0 ®Js, and,
i
Zgee|J] = Z[0] exp (- 3 /dzleQJi(Zl)Gij(ZlaZQ)Jj(ZZ))v (98)

with 4, j = V, ®, ®'. The two-point Green’s function G;;(21, 22) can be found by inverting
the coefficient (matrix) of the quadratic term in the free action. Now we are going to
find them for both chiral and vector superfields. We first consider the chiral superfield,
in the context of Wess-Zumino model.

Wess-Zumino model. We recall that the free action, including the source term, for a
chiral field @ is given by

Stree = /dz e+ /d4x[d29 <J<I> + %@2) +d20 (qﬂﬂ +— (<I>T) )] (99)

The situation is complicated by the the chiral integration d26 because in order to carry
out the path integral, we want that the action integral is performed over the whole
superspace. The trick to convert the chiral integral to the whole superspace integral is
to make use of the projector Py, defined by

D2D2 D2D2
Py =——-— P_= .

160 160
Clearly for a general superfield F', P, F' is chiral and P_F' is antichiral. Moreover it is

easy to see that P, ® = ® and P,.J = J because both ® and J are chiral. Then, with
the relation [ d%0 = ——D2 we rewrite the free action of Wess-Zumino multiplet as

(100)

Sfree :/dZ q)T(b + l:/d4xd2€ ((I)P+J + ﬂ(I)P+Q)) + hC:|

:/dz{qﬂcb— (JE®+JTE<I>T> - —( 41?D<I>+<I>T4]?D<I>T)}
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mD? D72J
/dz (@, dT) ( 40 im) (q)T)—(cb,q)T)(éE )] (101)
1 — T ® EJT

Then, we find the free part of the generating functional Weee[J] = —ilog Zgree|[J] to be

1 D2 ; D2 gt —LBZ 1 - %J
Wr J=——= d 7J, =J 4 = —
free ] 2/ 2 (a5 ") 1 _rri]éz LzJT
mD? m?D?D? D?
. i/dz (D2, D2 1) < o L O m2>> (mJ>
' D2D D2 D2
2 L+ o=y =) V=t
: o J
= —/dz (1,71 4D(D mo . (102)
O-— m2 4E|(|T%7m2) Jt

In deriving this result we have repeatedly used the definition of projectors Pi as well as
the relations such as Py J = J. We also note that one is allowed to perform integration
by parts within super-integral with either spacetime or covariant super derivatives. For
instance, we have [dz FD,G = — [ dz GD,F for arbitrary superfields F and G.

Now we obtained the needed 2-point functions, or propagators, to be

() () = o DD 50 ), () () = 2L

(5(21 — 22). (103)

To find the Feynman rules for vertices, we consider an example of 3-point vertex ®3, for
which we need to compute,

As can be seen clearly, each action of the functional derivative 6/8.J(z) on J(z;) yields
a factor of (—D?/4)6(z — z;). However, at the end of the calculation, one of the three
factors is used to convert the chiral super-integral to an integral over whole superspace.
Therefore, when evaluating super-Feynman diagrams, one should assign each n-point
chiral vertex with (n—1) factors of —D?/4. Furthermore, when computing 1PI diagrams,
the external legs should be amputated, namely, we multiply the inverse propagator to
each external leg, and take an integration. Thus one more —D?/4 is used to extend this
integral to the whole superspace. As a result, when computing 1PI diagrams, one should
assign each vertex connecting I internal lines (I — 1) factors of —D?/4.

31



Notes by Zhong-Zhi Xianyu Begin on 2013/07/22, last updated on 2015/03/11

To get the momentum space super-Feynman rules, we need to convert all results
above into momentum space. This is straightforward as it goes exactly the same with
the ordinary field theories. We only make a nearly trivial remark that only the commut-
ing coordinates ™ need Fourier transformations. Then, after going through a standard
procedure, we reach the following super-Feynman rules for Wess-Zumino model in mo-

mentum space.

1. The propagators are given by

(@@ﬂﬂ@» <Mmﬂﬂ@»> i (i; 1)5%&—%»

(@1(21)@(22)) (@T(21)@(22))) ~ PP4m? \ 1 D}

2. For each chiral, or antichiral vertex to which I internal lines are attached, an integral
of 2ig [ d*@ and (I — 1) factors of —D?/4, or —D?/4, are assigned, respectively.

3. For each independent loop an integral [ (g;’)ﬂ is associated.

4. Usual combinatoric factors are understood.

Super Yang-Mills theory. To derive the superspace Feynman rules for super Yang-

Mills theory, we take the topological angle 6y = 0 since it does not affect perturbation

theory. We further rescale the vector superfield! according to V' — gV so that the

coefficient before the quadratic term in V' does not contain g. Then, expanding the

action, we get,

1

292k

1

=— 73292kRe/d4xd29d2§tr (e‘QgVDC“eZgV)]j2 (e‘2gvDaezgv)

S = Re / d*zd?0 tr Wew,,

1 _ _
-3 / d4zd29d20 [V“D“DQD@V“ + O(VB)]. (104)

The higher order terms are irrelevant, thus we do not bother to write all them down.
However, note that the action is gauge invariant, which allows us to perform calculation
in Wess-Zumino gauge. Moreover, we know that in Wess-Zumino gauge, Viyz begins from
the #4608 term. Therefore the expansion above will be terminated at finite order.

To quantize the theory, we need a gauge fixing term and corresponding ghost term.
The gauge fixing is given by

- g/clz (D2Ve) (DY), (105)

1The original definition for V is said to be in holomorphic normalization, and the new convention taken
here is said to be canonical normalization. Note that such a field rescaling leaves nontrivial footprint
in the path integral measure, and gives rise to what is called a holomorphic anomaly. This anomaly
implies that the gauge coupling constants defined in holomorphic and canonical normalization will run
differently.
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with « the gauge fixing parameter. Then the quadratic term of the prepotential is given
by
1 — _
Stveo = 5 / dz {V“D“D2DQV“ — a(D2Ve)(D2VY)]. (106)

7.2 Nonrenormalization theorems

A great thing about susy theories is that certain quantities do not receive radiative
correction, or, they are not renormalized by quantum effect. Such statement in susy the-
ories are collectively called nonrenormalization theorems. Now, with the super-Feynman
rules derived above, we prove a nonrenormalization theorem for superpotential of chiral
superfields.

Theorem. The 1PI effective action T[®, ®1] of the Wess-Zumino model (53) can be
represented as a single integral over the whole anticommuting variables, namely,

I[®, <I>T} = Z/d4x1 cdiz, /d29d2§G(x1, Cee L Ty)

n (107)
x ] A" @G, 0,0), @1 (@1, 0,0))
k=1
where Gy (x1,--- ,x,)’s are translational invariant functions, and F,gn) [®, ®T]’s are local

functionals of chiral superfield and its complex conjugate, namely, it contains at most a
polynomial of derivatives of superfields.

Proof. To prove this theorem, let us consider an arbitrary loop with n vertices in
an arbitrary 1PI diagram. According to the super-Feynman rules for the Wess-Zumino
model, the part expressed in spinorial coordinate has the following structure,

/ 40, -+~ d%0,, (D)% (D2)F164(0 — 0)
x (D2)%(D32)*26%(0y — 63) - - - (D2)' (D2 )% §4(6,, — 6,)

where ¢; and k; (i = 1,---,n) take values of 0 or 1, and the corresponding derivative
factors arise from the vertices, while the d-functions 64(6; — ;) come from propagators.
The derivatives D? and D? can always be adjust to the order shown above by using
the relations D?D?D? = 1600D? and D?D?D? = 1600D?. Now, the §-integration can be
performed one by one, in the following way,

/ d*6, ---d'6, (D) (D) 6" (61 — 62)

x (D3)"(D3)"6% (62 — 3) --- (D7) (D7) 6" (6, — 1)
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~ / d%6, - - - d*6,, (D2)%(D2)*26%(6, — 65)

X -+ x (D2)f (D2)*54(6,, — 91)|(91,§1):(927§2)

N/d‘*on (D3)(D3)*8" (0 — 1) (5, 5110, 5"

This final expression vanishes unless ¢, = k/, = 1, in which case the above expression
yields a single factor 16 [ d*6,,. Thus we see that for an arbitrary loop in a 1PI diagram,
the spinorial structure can be represented by a single integral d*f. Now we repeat this
process to all loops in a 1PI diagram and to all 1PI diagrams, we see finally that the
1PT effective action itself can be represented as a single integral over the whole spinorial
coordinates [ d*0. QED.

Now we observe that the superpotential, fd29(%m<1>2 + %g@ﬁ) + h.c., cannot be
represented as a whole-superspace integral [ d*g. Therefore, we immediately reach the
corollary that the superpotential does not renormalize.

Another important corollary is that a field configuration preserving supersymmetry
at the classical level does not receive perturbative quantum corrections, i.e., perturbative
quantum effects do not break supersymmetry. To see this, we only need to note that the
effective potential is the x-space independent part of the action, which must vanishes for
a supersymmetric configuration. Now, recall that the classical potential is given by ¥ =
|F|2+ﬁD2, then ¥ = 0 implies that auxiliary fields ' and D vanish. On the other hand,
the quantum correction to the effective potential, according to the nonrenormalization
theorem above, must have the form,

/ d4ad*0 F(V,, ®, 81),

where the subscript “cl.” means the classical configuration. However, all these field
configuration cannot have #-dependence, since their spinorial component must vanish
as required by Poincaré symmetry, and their auxiliary components also must vanish as
discussed above. Then we immediately see that perturbative quantum correction must
vanish for such field configurations.

One may be wondering if the nonrenormalization theorem would imply that the super
Yang-Mills action (91) does not renormalize, since it is also a chiral integration. However,
this is not true since the action contains derivatives, which can be used to convert the
action to an integral over the whole superspace, as we did in (104). As a result, the
vector superfield does receive wave function renormalization.

A. Notations and Useful Relations

o™= (00", 7™ = (0 —0c?). (108)
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0 -1 1 0 i 0 0 -1

(Umn)aﬁ = % [(Um)aa(a'n)aﬁ - (Un)ad(ﬁm)aﬁ]a (110)
™) 5 = @20 05 — ) (0™), ]
7" = (.0 w ) (111)
ie™ 0

(™) aa (@) = 20505, (0™)ac(0m) g5 = —2€apts;- (112)
(Jmnamn)aﬁ = 7%(;(@7 (Jmn)aﬁ(5mn)d3 =0. (113)
[Umna qu] = % (nmpanq — NmqOnp — TInpOmgq + nnqgmp)a (114)

[5mna 6—pq] = % (nmpa—nq - nmqa'np - 77np5mq + nnqa—mp) .

Thus we see that 4io,,, and 4iG,,, are left-spinor and right-spinor representations of
Lorentz generators J,,,, respectively.

B. Complex Geometry

In this appendix we review some basics of complex geometry relevant to main text,
following [9]. We begin with the most crucial concept in complex analysis, namely a
holomorphic (analytic) map. A complex valued function f : C™ — C is said to be
holomorphic, if f = fi + ifs satisfies the Cauchy-Riemann relations for each z# = a* +
iy (1 <p<m),

ofi _ 0fs  0f2 of

oz oyr’ xh  oyr (115)

Similarly, a map (f!,---,f") : C™ — C" is holomorphic if each f* (1 < X\ < n) is

holomorphic.

Complex manifold. The complex manifold is defined to be a topological space M,
endowed with a set of pairs {U;, ¢;}, such that {U;} is an open cover of M, and g; is
a homeomorphism from U; to an open neighbourhood of C™, such that, for any U; and
U; with U; NU; # @, the map ¢ o ¢; ' : 0;(U; NU;) — ¢;(U; NU;) is holomorphic.
Then, M has complex dimension m, denoted as dim¢M = m. As a manifold, it’s real
dimension is 2m. From definition, M is also a differentiable manifold, ensured by its
analytic property.

One can define the holomorphic map f : M — N between two complex manifolds M
and A with dim¢ M = m and dim¢ N = n, by requiring the corresponding map between

35



Notes by Zhong-Zhi Xianyu Begin on 2013/07/22, last updated on 2015/03/11

two local charts, as two open neighbourhoods in C™ and C", to be holomorphic. Then,
a holomorphic function of M is a holomorphic map f : M — C. The set of holomorphic
function on M is denoted by O(M). It can be proved that any holomorphic function on
a compact complex manifold is a constant.

On a given point p on M covered by local coordinate patch z# = z# +iy#, the tangent
space T, M is spanned by 2m vectors {0/0z",0/0y";pu = 1,--- ,m}. Now, let’s define
a complexified tangent space Tp./\/l(c7 spanned, with complex coefficients, by 2m vectors
9/0z" = 3(9/0x" +i0/0y*) and 0/0z" = +(0/0x+ —10/dy"). We can similarly define
the complexified cotangent space as a complex vector space spanned by dz* = da* +idy*
and dz# = dz* — idy*. These two basis are dual to each other, namely,

() = o ) <o

The almost complex structure J is a real (1,1)-tensor field which is a linear map
Jp 1 TybM — T,M at a given point p € M, and acts as J,(9/9z*) = /0y and
Jp(8/0y") = —d/dx*. This tensor can be extended to T, M®, with the action J,(9/9z) =
i0/0z" and J,(0/0Z) = —i0/0%z. Thus in this basis, we have,

(116)

0 0
—idet 2 i dEt @ ——
Jp=1dz" ® Epm idz* ® EETR (117)
So we can define a projector Py = %(I FiJ,), such that T}, M® decomposes into two linear
spaces, namely T,M* = {PyZ;Z € T,MC}. Clearly, we have T, M* = span{0/d2"}
and T, M~ = span{0/0z"}. Elements in these two subspaces are called holomorphic and
anti-holomorphic vectors, respectively.

Hermitian manifold. Now, let M be a complex manifold of dim¢ M = m, and with
a Riemannian metric g as a differentiable manifold. We can extend g, VZ = X +iY, W =
U+iV e Tp./\/lc, as,

gp(Z’ W) = gp(X7 U) - gP(Yv V) + i(gp(X’ V) + gp(Ya U))

If g satisfies g,(JpX, JpY) = gp(X,Y) at each point p € M, it is said to be a Hermi-
tian metric, and the pair (M, g) is a Hermitian manifold. Any complex manifold with
Riemannian metric allows a Hermitian metric. In fact, with a given Riemannian met-
ric g and almost complex structure J, it is easy to show that the metric § defined via
0p(X,Y) = L [9,(X,Y) + g,(J, X, J,Y)] is a Hermitian metric.

With an Hermitian metric, a vector X at p € M is orthogonal to J,X. Furthermore,
in the basis {9/02#,0/0z"} of T,MC, we define the component of Hermitian metric g
as, gu = g(0",0"), gaw = g(0",0%), gur = g(0",0") etc, then it’s easy to show that
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9uv = gpp = 0. Thus g has the following form,
g = gupdz" ® d2" 4 gp,dz" ® dz”. (118)

One can introduce a covariant derivative compatible with the Hermitian metric g, on
a Hermitian manifold, the corresponding connection, called Hermitian connection, has
the components Ff;l, = g”‘(%gy;\, Fél-, = ’_\Aﬁﬂgw, and all others with mixed indices
vanish. This follows from the metric compatibility 0 = V9,0 = Orgur — I‘ngh—, and
0 = Vigus = Oagup — F%Dgu;. By direct calculation, one can show that the almost
complex structure J satisfies V,J = VyJ = 0.

From Hermitian connection, we can introduce torsion T and curvature R of a Hermi-

tian manifold, defined via,

T(X7Y) = VXY - vYAXV - [X?Y]v

(119)
R(X,Y)Z =VxVyZ -VyVxZ - VxyZ
The only nonvanishing components of T" are TAH,, and TS‘,—“; = (T)‘W)*7 with,

T =T7, =10, = 0" (0ugusx — 0v9,3): (120)
and the only nonvanishing components of R are R*yz, = —R"),; and RR;MD = —RR;\W,
with R*5,, = (R"\m)", and,

R = 0pT5y = 93(900gx5)- (121)

Given a Hermitian manifold (M, g), the tensor field  defined via Q,(X,Y) =
gp(pX,Y), VXY € T,M and Vp € M is antisymmetric with its two arguments, and
thus is a two-form, called the Kdahler form of the Hermitian metric g. It has the ex-
pression ) = ig,pdz* A dz¥ and thus is a real form, Q = Q. Furthermore, it is also
invariant under the action of J, namely Q(JX,JY) = Q(X,Y). It can be proved that
QA --- A is a nowhere vanishing 2m-form where m = dim¢ M, and can be used as a
—_—

m times
volume element. So, a complexr manifold is orientable.

Kahler Manifold. If the Kéahler form 2 of a Hermitian metric ¢ on a Hermitian
manifold (M, g) is closed, dQ = 0, then g is called a Kdhler metric, and (M, g) is called
a Kdhler manifold. Not all complex manifold admits a Kahler metric. It can be proved
that an Hermitian manifold (M, g) is a Kéhler manifold if and only if the almost complex
structure J satisfies V,,J = 0 where V, is the covariant derivative with (torsion free)
Levi-Civita connection.

The condition dQ2 = 0 can be written in (2, z) basis as (9 + 0)ig,zdz* Adz” = 0, from
which one can deduce,

99 _ 09w 09w _ 09,3 (122)

922 Pz 9z ozv
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Obviously, if the Hermitian metric g is given locally (on a coordinate patch U) by g,z =
0,05IC with K a function on U, it will naturally satisfy the condition above, and thus is
a Kéhler metric. Conversely, any Kahler metric can be locally written in this form. The
function I is called Kdhler potential.

It can be proved that any complex submanifold of a Kdhler manifold is again a Kdhler
manifold.

From the condition (122) we see that Kdhler metric is torsion free.
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