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ABSTRACT

At the energy below the Planck scale, the quantum properties of gravitation can
be well studied under the philosophy of effective field theory, even though a complete
quantum theory of gravity is still absent now. Then there arises an interesting question,
namely, how the quantum-gravitational corrections will affect the running of the gauge
couplings of the other three types of fundamental interactions. Traditionally, these
kinds of problems can be approached by effective action method. However, it has been
shown that traditional effective action method can not guarantee the gauge invariance
of physical results in this case.

In this thesis, we investigate the quantum-gravitational corrections to the running
of all gauge couplings in standard model, by using the geometrical effective action
method developed by Vilkovisky and DeWitt in 1980s, rather than the traditional one.
The gauge invariance of the results can be guarantee manifestly.

The basics of Vilkovisky-DeWitt effective action is introduced with an detailed
illustration with Coleman-Weinberg model. Then, we fully study the gravitational cor-
rections to the scalar phi-four interactions, U(1) gauge theory, as well as S U(N) gauge
theories. The leading terms of § functions of these theories are calculated at 1-loop
level. We find that all gauge theories, both the Abelian and the non-Abelian ones, ex-
hibit asymptotic freedom, when gravitational corrections enter. These ultraviolet fixed
points of gauge theories may also imply a new grand unification without the require-

ment of supersymmetry.

Key words: Vilkovisky-DeWitt method quantum gravity gauge interac-

tions  asymptotic freedom  grand unification
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EHE—F, R EMPESHEUTHR TR, £ 8/, RITEE
SOXFERIA R & .

=fDMmMW%i (% — d)|- (2-16)

222 JLNBEMIERAECEX SEBEREFHF

fELL EiTiE, BATCQEE, H5HBUEHETGIN AR R R B2
HARER 2 (' — gHBIARRENE, B2 AR, © B ESCHT A, B B3 R

®  MIFER, BATRAES 2 W I NEERREEH, I b B X & 1 B fabr.
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K 2.1

K22 SpiAsbrzE SR SRR EZREE

PIRESNHD) S PR R T A S P, ke S 3
=R AR R, EHEIE T, W LW AR AR H R — )
K. SR, —BREA G LT, WATIEERFER, AR ZEAR
HEKE, WMAHENE, FRUTUMER], Moz n @ —r ke, Bigs
] R A BR ZEARZ A— A

WM OIE A8 LT FEEG, XFERISHE L. KA,
HhZE S . FRAlR, ABRE@Q - o) BN MR, S, Bk
AR S — fig.s FFROER W He. S M 2 KEN Ligy, ¢], 4k
M, AR 38 Lo[dy, 41:

olde. ¢ = T L[4, B]. (2-17)
TR, BATTLUE (¢ — du ) B -0 [bs, d], JEEIIE LS
e 8] = GV j[¢s, &), (2-18)

Horp, ZRSHEN Tolge, ol —NRELE © FHE, ATLUE Lo'[dy, 1A
AL, cERE PN RELRINKE. 58 - NDREARI IR T2,
FiR AL bR 22 (¢ — B LA [, @1 = ' [¢w, 91, M T JE & N — kL (Blg,D Ak
M REZZE, BV A R E, RSN, WE220rR. i,
Hi LD R Z KRR TR N RKE . RIS T ni (EITED; 5 B AR FR AR
BT RFFAZD, WAE T [der 8] — 0 [¢s. ¢1) HIRE ESHAL R H L] o

® fEARET, WIEE, BRIEHIESRR KT IHERZ RS .

11



K23 24, = ERRER

KR RBATE R E SC OURER) BRIz R Zg, 8-
ZG[J,¢*]=6XP(iWG[J,¢*])=fD¢VIG[¢]IeXP[iS[¢]—iJitfi[¢*,¢]]- (2-19)

EE, RXRBEZGHMWALGR MRS K, R T ¢,
H ik, U 80 26 T8 € U WG [ I Legendre 8 4t :

TGlJ, ¢u] = WG, ds] + Ji0' [P, B). (2-20)

T, BT IR TR R AR AR R ] BRI A

&9 = [ Do explisiol - 1S @ - ) @-21)

gt

oG] . 0L, oyl , ity 7
JW“—jlwwﬁ@mwww%+£@:ﬁwwhwﬂﬂmwm.@n>
T, k7 S S LT 20 PR T LA 4 8 T i A 1

{EAFEH, X BTG R T 528 ) b — (R 3 g SRTT, ATLUERA, st
5 PR BT B SR 5 S RO 56 U5, BRI, A 3 B DA 7 e 5
bzt

FURE 8 T 15, Bl 7 22 LT 21 P d L PR P T . e B 5
S G4 21 P P PR T 2600 AR DeWitt, 150, = AT AR5,
BPE2.3 . TR F TG i P 7T 25— PRIy 5 A

T6l@l = S[@] + £ log Det[S ;; —T}S 4], (2-23)

H EPFZ-ED N 3 A RGP T B Bk 4. fE dE L YE e, et
#&Christoffel BE 4% :

l—‘fj = %le(Gli,j +Gyji — Gij’[). (2-24)
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HRAEMEEE T, TLRR A NE A IR Ak 5 GBI I R R B
Ko FATE N T I — i) L

23 AeERHH/LNARUERE

FATIEXS PRV BB AT VF 2 SR PR B, DR GG ZE A AL . v B
WP ARk, EER BT HIZR NS EY KRR R YA
BEMPNERARE. Hh, ArEAICYEE B, mEE IR R, B
FEAEVI IS B . AEACEERNE B B, BRATHER NG AT,
FA TR Vilkovisky-DeWitt /725 N 1 RIS BRI )1 2 2 .

WAT R H R EL PR R AXMBLT, FEHQIEH TR
R ESIEAL M, HETT/IMEA TS B

8¢’ = ¢ — ¢’ = K, [p]6€". (2-25)

Horr, JATHITC 75 /N T Xt VG AR Bt 4T 2504k, 1 K RIT D RV A2 i (0 A= B
TG AR o, B, PRI HVEH B Z .
T, GIAERES [l MVE AR EIRX S SLHI A RIA -

S [p1K.[¢] = 0. (2-26)

2.3.1 1= B RYENIE 5 ##(Orbit Decomposition)

WA AE BTG, A998 180 b 1 0 R g, BRI P A T 0
AL NG ~ gl. BILET 5 A7 R O K, B

('] = {¢'; ¢ ~ ¢} (2-27)

TEPEE SRR, BB SE M ZRIE W AN “ B (orbit)” o AR IRATIC BEAN 37 23 (1]
NF, WEBZN .Z] ~. AT NHUIE =3 5] (orbit space). 1% 2% 0] HH 1) 5
Bl — 2k %008, &R O P BRI B ME—FRid

AR, B2 E00E B B S B AR 2, il B kY. TRk
I, (F) ~)x 9 (RADERE FAMT7. ez, RITCa@lB840
7 (8] Jm s M o3 e i 1 BRI ENIE S [R).F ) ~ 5 R A R B B

13



— B R b i, WL e SR R R IR n AR L . E S PRt
vy, REEHE TP RB] ORI . 1508 3 IXAE T 2

P K] =0; (2-282)
KiG;;P] = 0; (2-28b)
PP =P (2-28¢)

5 ST ES I 115 5P Hy 09
Yop = KyGijKj, (2-29)
Rl 5 SUHL iy
Yy = 85, (2-30)
MITTRAIE, R4 HABE TP AL 182 R
P'; =& - Ky Kgg;. (2-31)

EEH &M RS TC T MRS I . AR, BUALAS nl 4 0 il OIS
TP ES EZRTINEERIR 8. e L, mrEte N — 5 MRTEAR i,
Ay LS A

519’ = K, [p15€”. (2-32)
M5, AEAPUE R T AR, FHEE S HE TP TR
6.¢' = P69/ (2-33)
MM, B BT 55 MR 59 3845 T 1 2 4 A
6¢' = 614" +6.¢' = P' 66" + K, [¢]6€”. (2-34)

Ftlits, ARG, I E XA 0. AT CAE E3Ch s g%
RUAE T 23 18] BT 75 5 FE A yop HSE 3G T BUIE 2 [ v 9 15 ARG AR R AT
SE SN

G}; = PP Gu. (2-35)

14



HIt, 37 18] i 2 oe2- 1 SR W 4 0 -

ds’* = G5d¢'dg’ + yopdede’. (2-36)

2.3.2 MLEHE

BIHATNIE, AT EELEBEAN S0, HEERZHL T (FRankE
RI3) s AT ENEE— K PE P i — R TC. MRt B B, RDAR
IRIEZEAT o

I, RS SR FO ()2 8 AR B T 2 e o BRATT 7R 2B T L XA
MOPEmT, B IR

F¢] =0 (2-37)

FERE— SR BUE A BACE — M. LR )R ER A4 T, P v s 1] 9 1 )
SR AR L, GERBATE X

0% = F{K, (2-38)

WICA E 2 AR TR 254 Fdet Q7 # 0. i A2 WU E 5T FRIIZ BRI PO @) 42 3 718 B 02 T 2 32
MRTE . REERRF b, ZFMFHARRIETT B —M. $F52E,
£ Yang-MillsBH IR, FRORA A AE X Tt o 3500 e — 110 2 R AN ME— IR VG 2% 41, STk
FR 2 NGribovAT & T4 (Gribov ambiguity). AL AT B FHAITL, F AN
REJRAPERA IR, BT DAE AR TRATT IR 0 R BB 14T

AL, W RRAVEAE T g E — MR R (Mg 284k, W
G2 Fora 4 v DL SRAE e 2 A ) Ak bR . 52 AHREL, FRATTHR AT LAFERIE
AR E — HARRE . X BLRATEH KSR T - BEPR D EUIE 2 (B ) B .

2.3.3 HMEEILHIAT B BELE

BUAE, FRATHFF 228 (8] R AEAE VS B B ER,  H B Ress & R A ) Fh AR
k..
28 LA A LA RUE R A e MV Tk s . 1B AR XAEY A Lz
B, FIVEMOAZHDE R E T R SHIE SR AL PR 0%, TS5 MYE 23 18] 1) AL AR TS
Ko

15



F— 7, AEMNEEWR R, X3 R 4 ik BURAE e B IR A R
e X2 RO, FRATTIE IR JF A 2R B A 37 25 18] 19 B UG 30 /2 1 4% 2%
DG ji = 0, T 7 I8 22 W] FERRG i /L 2 BT o BIpkas AT, MIAIE A R 2
FERLIT-# 26 A9 -

DlGj_k = GJ'

i~ Lagyn =TG5 = 0. (2-39)

2o faj B B ARETH B AT 15

ol ~L 1 L L
IGy = 5(Gy, + Gy

~G?)). (2-40)

R & Christoffel Bk 2% B by 11 4 5 ﬁiﬂ]ﬂ‘?iﬁ@lﬁtﬁ%ﬁﬂ”ﬁ%ugfﬂﬂ/‘]iﬁﬂjo SR

U X AP 7y EA AL, RN G VE N 5E B AR PUIE == B ) #ems, RS

AR AR, X RIAT, VR, 2 B fgﬁ#ﬁﬁﬁ

fChristoftel /2 2o A PLUERA IS, B BEEE REBAT LR IR A
B =1 Kk - 7K

+ LYY KoiKs (KLKE, + KEK! ) + KEA?

atije

(2-41)

Horp, 35— I B N LG, T 5 5 B Christoffel e 2%, 111 3 J& 5 ML AR 4 2 2k
BOCK. A I N RE E e TR A . B8R E, HAIER Tk I (R
B e — 30 K ATTIREE LA SRR, IR A B BRSO AE 2, DL
T, BATETCMILT, BEESH:
I =T+ T} (2-42)
H AP T ARG R ks 4 1O I
Tikj - 'yaﬁKng;J. N yaﬂK“ngzi
+ LYY KK J-(K;Kj;;l + K(’;K;J). (2-43)
DL g5 R, BInTHE S REE e T U A U E = 0lol It K. i
B n, TRV EWST S, BHE AR T EMEE R e . HAAREAE
B CKEREE PRI T VG 5E IS gp5 RIS gnoste FFIXLE N K — FF 5 [& i3
K, WTLLSH, RAFE BB UTESUERHE0[6104:

I6lo] = S[d] + SGr + S ghost

16



+ 4 log Det [(S + Sr)ij — T5(S + S 60 g (2-44)

2.3.4 Landau-DeWitt#i3E

Muiﬁﬁﬂﬂ,Eﬂﬁﬁ%$,ﬁﬁ%%%ﬁﬁﬁﬁmﬁ%ﬁ§%m%
Sk, (B2, HTHRAINTEBRESWE W21 E LA RERH &, KA g
T Ak BUE M Ve [ B S DAL T T A, e b, MIATRH B T E X
HJLandau-DeWittHiyE 25 F F, B, TiijULFG [ CTTHR -

F, =K. (¢' - ¢). (2-45)

XAKEIEN] . T A
Tl = =y KoKy — v KoK,
+ 57"V KaiKp (K K, + KSKD ). (2-46)
fELandau-DeWitthiys ~, BIE
Ti(¢ = &) = =y KaiKy (¢ = &), (2-47)
ENIE
Ti(¢' = )@ - ¢/) = 0. (2-48)

TfﬁTikj‘VET U 52 X Fh A A 3 N T A UE F BTg[o]1Y, Bl bt 7E Landau-De Witt 5
Wk, ﬁﬂ]*ﬁzl—‘%%?ﬁﬁﬁﬁﬁg%ﬂﬁﬂ‘jo XAE R — B E A 0

2.4 LLColeman-Weinbergt& & 5451 i iz F

F M ik, FATXS Vilkovisky-DeWitt /7 VA #E4T TR UM R 018 . 7E4
EETNENH T BONE B 5] S0 2 0, 3ATE 26 H — A ) 5 5451
RlColeman-Weinberg# 8 >k 5 7~ DA 25 1R

Coleman-Weinberghti 14 f1S. Coleman 5E. Weinberg# tH 2%, {E N /R3) /)
FPRRYE B R B R — AN SR, ANATTIRPER R, ARATIR 85 2 K
Y, AT R AB A PREE 18],

FEART I, AT & el A& S A SE H & J7 3% 4 FColeman-
Weinbergti B (1) & #, Lo 8 45 B0 g JE ARl itk R, AR AL
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F Vilkovisky-DeWitt 7 % #E 5t LA F 2%, DS R LR 45 R . JATHE
TEPFPAS B RG24 T 34T, 435l 22 Lorentz#iit 5 Landau-De Wit 7 .

X ARITE A LB S . fELorentziVE T, Wi S5 H Mz LHEAERH,
PRI RT AEREZ o [FIIF, ZFa P R BN RE R 2 T EA R e S e
IAETHEOR RBE B AT £ BRI B 85 R Fa e R e AR FUke S . SR, 14
EATHA, AR, BRATL A A P RO T

IEAFARR, fFLandau-DeWittit &, AT IHHTS, HEZAE R,
[FIS) T2 2 A B R, AT A E TR RIUE B IFTE S 5E - 0.
I T il 2 B 45 SRR e S 1

FH T-Coleman-Weinberg 5 84 AH X} ] 51, - PRI FRATT AT DA A 3 7 A 5 4 )
WP, DA B R R S5 R .

7 1E 08 IX 28 77 v 2 A, AT 56 X Coleman-Weinberg #5224 1 f#] £ /-

e

2.4.1 Coleman-Weinbergt&#!

Coleman-Weinberg Sk 9K Hi 1~ ¥ 4 Jo it E AR 0T I &1 8 1. 3147
TESA — s A, BD Vi bs R 45 A i Eme AT, 2B &
HLagrangian ] #% 5 1

L=—5FuP" + L(Du) (D) — 1mP¢"¢" — $:4(6"¢")’, (2-49)
Heh, ikEF,, N
Fu,, =0,A, —0,A,, (2-50)
RIS, FRAE I T 90 B D, AR FE 0 i 2 MR R b A 7 -
(D) = 9,0" — eA, e’ (2-51)

XH, PRI = 1,2, e’ M4 ARk E, HFRHAZLE? = 1.
HEL MR R L OUR B AR R, (SN, aERESD, Uiz5
HLREIA RN Gk ke

HI, BRATE B Sl PR T A S5 TE A, AR G

L== GFuF" + 30,4°9"¢" = ym*¢"¢" — d(¢"¢")’

18



+ LA, AP P — eA (09T, (2-52)
Coleman-Weinbergf 84 & — MU HITEEE R . HHNTEALH A
Ay = A+ 0., ¢ — ¢+ eaeb. (2-53)

B HIE, ZAEA IR EAE AR N R DR AR

FEVLR BN, 3RATT 40 S F AR G2 %03 077 5 Vilkovisky-DeWitt (1) J 17T
B R T7 1k E 1 H Coleman-Weinberg 5 Y (1) 5 R 35 . FTiB A 2034, BVEUH (E3
g O T I 2 A5 A SER E. Ik, FERED TN E, M
A FH B 2 BR R 387 308 1) R 2

242 fRGHE
AV e AL G T v S — B B KT R
R AN VE RS AR ERE e, B R FZEeRT, 7 B HAAORVE E 5 .
FAE R a0 R B Lorentz LT «
Lar = —5(0,A"). (2-54)
RN EA R, BT A EZo AR, RGN EERRE S =e
(EP S 2 A AR TE ), RIS AR FF VI A, IS Sl N E . 3% R4 5,
— B8l B KT A e o
(@] = S[¢] + 1 log Det[S ;;lback.. (2-55)

Horr, “back” N2 B -3 U S AH
PRI, AT SRR X g Rz R SRS S A B BUE

S uoomlback. = [(07 +*¢)g" — (1 = £)3"9"]6(x ~ y); (2-56)
S @y lback. = [(=6> = m»)5? — Lag?6? — Lag*¢"16(x - y); (2-57)
S by lback. = €€ *¢5(x — y). (2-58)

N EIE, BRATHALT $855q, bIREFRE 79, I A BE 8 bR, vIRR G
WA, Tix, y/eiX el e St . — R, 2 Wi HE SRR,

LA b & R B R 5 A R A AGHTTE 2, BRAS 5 3 AT 1) 2
HfRR ., AT FHFourier % #: 52 2 5 2% ]
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R R R, A

Aab Aav
Sij= ,
Aup Ay

A :(kZ _ m2 _ %/1(32)6‘”) _ %/lq_ﬁa(;ﬁb;
Ay =(= I+ E¢1)g" + (1 = KK

Aﬂb = - Ab,u = —iekuEbC(ZC.

¥

N FZIERERIAT S0, BATR S -

Aa Aav A AQV
det| = det Ay det Ay, — =],
A,ub A’uy Aab

(7] I BA R R AR ) 455 -

A" det(Al, — AB) = A" det(Al,, — BA).

(2-59)

(2-60a)
(2-60b)
(2-60c)

(2-61)

(2-62)

XBEILACERn x nBBATFE [, AL X mFERE . BEm x nfEibE. ARAE=ZE

T
det Ay = (K = m? = £AG")(K* = m? = $2¢%);

NHE T — 7PN 7, BATER R

1 [ ab %éaéb ]
K2 —m? - 12§ K2 —m? - 1A

RO B IR A R 527, AT

(Aab)_l =

ApbAav
det[A,, — ™ ]
272 KV
_ 12 2 22N v _ INpupv e¢ k
=det [(—K + 230" + (1 - L)k'k k2—m2—%/12<]§2]

. . €2$2k2

:(kz—e2¢2)3[k2—ez¢2—(l _ é)k2+ m

Gl U0 6
K2 —m? - (42

20

|k = (m* + £AH) + E(m? + £28))e* P .

(2-63)

(2-64)

(2-65)



Tt BATAZAIE . CREEBIKD AR, -

Lo, 1 d%ke m* + 3¢’ e’
V(@) =—¢* + — | ——|log(1 + ——="") +3log(1
@ =19+ 3 | el e+ )+ 310e14 5

m* + é/l(f)z .\ E(m® + éﬂ(}z)ezéz

+log (1 +
R z

)|. (2-66)
AL, 245 B A A o

2.4.3 JLATEME: fELorentzHlSE THIITE

AT, FRATIE B Lorentz i Vi T & Vilkovisky-DeWitt JL il 5 R %5 . 5 LA AH
7], Lorentz Byt [ & 1 p T 2Ugh Hi:

Ler = —55(3,AM. (2-67)
fE—BEDKCE, WA EH R
T[] = S[¢] + Scrld] + 5 log Det [S ij = T5S iloge.- (2-68)

52, SRS ] RPRZ o6 i 3 450972 o B AR 4
R, 3RATH T 2 R AR, . ARYE AT e, gL 5ERIEFHETL
RIIELEFARTTHIER Y, B K H P DTk

Tk _ 1%k k
I =T+ T (2-69)
b, T Ry Bl 2 ] RT3 () Christoffel ff5, M7/ H T A4
k _ _ a8 xk _ . of xk
Tij= =77 KaiKp ;=77 KajKp,
+ 577"V KaiKp (KK, + KSKD,) (2-70)

HA5IE, H P55 &R HChristoffel 747 5 Ar i1 5072 B P ZR . BT 1t
It} Christoffel 5 A 70 B B 8%, KX 2 Tz ki
IAEATIZ D 1 X LL T
H 4G, T Coleman-Weinbergh® 4, 1777 [A] 1 BE NG AT BUX FE R,
LD EN:

Ggeopy) = 0ar0(X = ¥); Ga A, = 17 0(x = y). (2-71)
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XA NI 2 I T PR LT o SXARBLAE L IL S I Christoffel 45T, =
0. DRI, BATR T RIS B 5 RRARE T 5B TS T
A, MAZARE R PR R AR e 3 LA Tk,

KT = ee®gb(x)5(x - y).
K2 = 8,6(x — u). (2-72)

MyapVE NG ZS B 1 S RERL, e SOA:
Yap = GinéKé (2-73)

R, ZERATE AT KPER, MisiEtre R AW —BE GEEIUQ)Z—4E
HILie#t), KA

y = (0% + &¢7)(x — y). (2-74)

Feicsegh BARNTS = THIGA R, W @B 0 T i, b

2¢ . bc_ad 3d ac bd 7d
p e (€€ + e ) )
ey N el
€4¢C % ¢e Ebd ¢d
- =512 02— 1)o@ —y); 2-75
(62 + e232)? (z=x)0(z~y) ( )
27c
¢ (2) _ e“¢°(z) ) _
Au(ZX)Av(y) - m@“é(x -2)0"6(y — 2); (2-76)
o ee’ s 5
o) = Zg 4 g2gal O =W =3)
37c,bd7d
e’Pe’ P FS(x— 250 2. o

(=32 + 2g2)2
IRYE AT A2 5, BATIEREA B B F]. i H]:

~ab Aav
ViviS = { A ] (2-78)

ub Py

PNIE
Aab - Aab N 1:‘ZbS’C|Imck
= (k2 _ m2 _ %/1(}2)6@ _ %/léa(zb
262 €4$2 2 1 72\ ac 7c bd 7d

’ [—62 +e2@ (=0 + 62(,32)2](’” + A7) P € 9"); (2-79)
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. e ,  EPm’ + L2167 ,

Aw = (=12 + )" + (1 - DRE - e (;2)2 KK (2-80)

m2 + %/1(52 €2§$2(m2 + %/REZ)

K2 + 24> * (k2 + e242)?
MIUAETT 46, FTA R SRS BT A OB BT AT, HRERIRARAE

Gt BATHR B AT I

b
det| _“
ub

det Aab = det [(k2 _ m L ¢ )5ab 1 /lgzaéb + Béacécebd(ﬁd]
=(k* - m* = LAgH)(K* - m? — 137 + BP*) — L AB(@*)?
~ kZ(kZ _ m2 _ %1@2)
(kz + e2$2)2
Hodr, JATE X

App = — Abﬂ —ie€ ¢dk“[

]. (2-81)

[>z

), (2-82)

13

>
> >

av] = det A, det (Ayv

ny

>

G, T+§d€’[ Aabz

[k = (m* = 26°¢" + LXK + *(@D)?],  (2-83)

_( 92 B e%z
K2+ 2@ (K2 + e2¢?)?
ELL g, FRATFEFAE A T _E—/ N 2 f A R 1

KI5, THEdet(A, — Ap(Aw) " An)-

ik, EESR A
1 sy i PIgP Bewgeebd gl

- — - - —). (2-85
kz_mz_%/wz( 342 —m? - L kz—mz—%/1¢2+B¢2)( )

)m® + £28%). (2-84)

(Aab)_1 =
TRA:

A,uv - A,Ltb(&ab)_lﬁav

eZ&Z(mZ + lﬂéZ)

_ 2 272 ) 1 \ 6 v

=(—k~ +e“¢p)g" + (1 — ?)kﬂk BT BRI k'k

m* + +A¢*  EP(m* + +A4%) ]2

= + =
kz + 62¢2 (kz + €2¢2)2
1 za1b B ac zc . bd 3d
y R P S
k2_m2_g/1¢2 k2_m2_7¢2 k2_m2_€/1¢2+8¢2

eZ&Z(mZ + L/lq_ﬁz)

_ 2 272 v 1 v 6 v

=(—k" + e )" + (1 - ?)k“k T T ag)y k'k

— ™ g° ebfgbfk“k"[l -
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m* + %/lgﬁz .\ e2P*(m? + %/l(ﬁz)
12+ 2¢2 (K2 + e232)?

M, PR Y SRAEFEAT S A 3505, 47

—J&WHP—

2 P?
] 2 2_ 1372 22" (2-86)
K2 —m? — Lag? + By

N ApAg,
det (AW - ‘Z

ab
EF(m* + £ APk
(kz + 62(52)2
. (1 _ m* + ¢ A¢* . P (m? + £1¢%) )2 el ]
k2 + 62(;52 (k2 + 62@2)2 K2 —m2— %/1(52 + B(ZZ

:(k2 _ 62(32)3[](2 _ 62(52 _ (1 _ %)kZ +

=+ (K = &)K. (2-87)

NI AN CINPSE R WIRCIE SRS €2 SF

1o, 1 dke m’ + 3¢ ¢
V(@) =538 + = —(zﬂ)4[log(1 e ) +3log(1+ z )
m?2 =222 + L1242 407212 272
+ log(l + iz o0 _ ¢ (qu ) - 210g(1 - ekf )] + const.
E E E

(2-88)
AL, BT AHRYE S B AR IR AE BRATT SR AT 51 20 At 2 wp A0 03 847 51 e 1 &R
B WRESTE XA TTRRONE R, MhH2ESAMERN, WEEUELRE
PR B0, &R A S IRTE TR

2.4.4 JUAIABEXHE: fELandau-DeWittHiie FHIITE

PLAE, A B Landau-DeWitthl 5 & UL L it & . P52 X, Landau-
DeWitthl G N :

F = K¥®g(x) = 0,A" + e ¢ (x)¢" (). (2-89)

WHT AT, EZHNE T ERAIER I HTS . Rz 5O S e G ik mi .
—Z XGNET, BT AR ] T -

Lar = —2(0,A + e 3¢"). (2-90)

JFH, EHHEARRE, JiE - 0.
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T, RzLh91a)z, A

Aab :(kz _ m2 _ %1&2)66117 _ %/l&u&b _ éezeucebd&béd; (2-913.)
Ny =(= K+ E¢7)g" + (1 = LK (2-91b)
Aup = = Apy = —ie(1 — é)k"ebcéc. (2-91¢)
HESRATH AR,
Awp Aay AupDay
det b = det A, det [A,D, i ],
A,ub A’uy Aab
CIEES
detA, = 2L§(k2 —m* — LA — m* — Lag?) - 2¢%); (2-92)
AR,
A bAav
det|A,, — —
(A0 - =]
== (@)K - EP)[K — (i + ¢ - 2826 + 4(@)’). (2-93)

SRMANESAC, RO A5 L8 R I Lonos. & H R G H -

Lahost = €(0% + 2 ¢%)c. (2-94)
TRAEATHI A A TN # 5

det A, = —(k* — &2¢%); (2-95)

gi b, IR A AN

1, 1 [ d*e m’ + 3¢ ¢
Vo(@) =107 + = @ [log(l + e )+ 3log(1 + e )
m2 =222 + L1242 40 72\2 272
+log(1+ P+l - @) —2log(1— ed )]+const,
kZ k4 k2
E E E

(2-96)
5 BN U R R 25 R 58 e 1R .
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$3TF SIARE

AR, AT B SCA 4 (B Vilkovisky-DeWitt J7 32 N ] T 42 51 /118 1E it
bR HERE AL

AN EEM S Rlphi-4# S, & T H3) J1%(QED), L. X Yang-
MillsfTEFR S . X =R EASAMZ B T 1 s AR, &I 2 M i J A
BB IR 7y o AR F, AR I Fe NG 51 NIX = FERL 5 5] ) B A BAE
M, s B IER a8 . kit 2, 3418 H Vilkovisky-DeWitt /7 7% AR
HERITE AL 1 o

3.1 —ikiTie

FEHEN BAR T 2200, ATE Jed8 ¥ Vilkovisky-DeWitt /7 12 N T 51 71
PRI v B2 5.
3.1.1 SIHIER LAk inz e

MK 48 Vilkovisky-DeWitt 77 v F AG #if, 375 25 [ ) BK 2% R 20 ] | L5 &
3. PICAEALBES] SRR, FATE T EZ AR IIAEM . DeWittds H,
XJEinstein5| 71 &5, fFEME——HE LENESHM M, /2 HE®»
PIKilling 524, FBASIIAZRAFENSELL. A

G0 = = V—8O["C(0g”7 (x) + £8" ()" (x)]6(x — y). (3-1)

FRPEToms 1, FRATIRZ NDeWittfE-. HcRTLENSE.
ki, T EH Uk B S Christoffel k48 R, 45 RN

L g =L (860,07 + 8776307 — 6,867
- @ 8ies" 8~ maam s8]
X 5(2 - X)5(z - y). (3_2)
B T L
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Y5 1 S5VITHM ER AR, BATM TR DL R E SO 5] T3
P REBEA G E .. WA, ATEHE = RBA. phi-4ifl, &1 H3)71%,
5 Yang-MillsyEEE 8 . Rk, 755 NI =Fh B 8 SO s B 2 B, FFit
SRS . FIRE, BATEIX BEA LR, HirEafEnT W%,
B BEER  PEN TR Ephi-4218 #H LN Lagrangian4s i :
Ly = 10,000 — 1m*¢* — Lag". (3-3)
L5 JHENFIHIS S, Lagrangian 7547 00S B SCBBR MR T, R
Loy = V=8l38"0.00,¢ — sm*¢* — §4¢*]. (3-4)
UEi, PREBUXFERIE R, HAEZ 08 TR

Gi.g08] = 5 V=g (0087 (x) + £ ()87 ()]5(x — ), (3-5)
Goemlg &1 = V—g(x)d(x — y). (3-6)

MM, IR 5 B Christoffel 2% 1) AE Z 70 &N

[0 = P00 77310 -
— T + st )
X 0(z = x)0(z—y). (3-7)
Lo o = $117(0( = 08 - 3). (3-8)
TSt =@ (@3 = 25 = y). (3-9)

HiE2: SUMMBEHE R FEZREPASUNME AL, 2Yang-Mills# i,
Hi LA FLagrangian5 H :

L= —iFZVF“m’ (3-10)
FIRE, 451 NG, | SRR AR Lagrangian -
L= -4 \-gg" g Fi,Fs,. (3-11)

A 7 BT B FR AEinstein-Yang-MillsE# 6. 5L, 51 1B IEM = 7 H 30 /)
% 0] #% #X AEEinstein-Maxwell B 1.~ [, £ A41%1 HiEinstein- Yang-Mills# 1& ]
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RSB MAETnE. NP EHZEELNEIENE, B0 15 2)&H T Einstein-
Maxwell R i fr) 45 51 .
H, T ERMAEE S EN:

G mlg] = 5 V—80)[g"P (087" (x) + £8"™ (x)g" (0)]6(x — ), (3-12)
Gagoaley = V=805 (0)6(x - y). (3-13)

i i AT 78 Christoffel B 25 (R AEZ 4 &N

8x(2) v o V)(p <07
L =[50 Sl + 1178300 - 5@’7 O

- m’]ﬂkﬂﬂvﬂm + mn/lkn‘l(pno-)v]

X 0(z—=x)0(z—y); (3-14)
r:A((z;)Ab(y) T rle " (2)8, - g™(2)6, - gpv(Z)5#](5bC(5(z - x)8(z - y); (3-15)
Tt = 51016, - 3ireu(0g” (0)]6°8(z - 1)z - ). (3-16)

3.2 IREHEL

TERAT )RR tp, 3 = SLagrangiantt 57 #ik 21 3 47 B B o BT
fIFeynmaniil ] # . 55 — 34 28 #iL P18 (¥ Lagrangian, 3F — 28 i #30 [A] € 7~
A, APEIIVEE B S I, 55 =35t Vilkovisky-DeWitt 55l N, EATKH
73 (A B A2 2 BR R s, DRI ERATTRR 2 9 R 28 T

TEER R =/, AT D 45 X — FLagrangian i 1

3.2.1 £ H#il agrangian
w3 K, FEZS A Fphi-43 12 W] B PL N Lagrangians H :
Ly = 10,00"¢ — Tm*¢* — Lag". (3-17)
MEIJIFENSG, T AEbR Y AE I Lagrangian
Loy = V=8[58 0updv¢ — 7m’¢* — 34¢"]. (3-18)
¥ B FUAE 7 E I Minkowski 15 5 y,,, B U 1F @ T -

8uy = N + Khyw (3-19)
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M A _FLagrangian 7] #% A5 B Hi & H A -
Ljcon =[1 + Skh + +k>(H* = 2k, )]
X [+ = kb + KPR R0,00,¢ — TmPe* — 1] + O),
T R B R E S & T, W4,
Lycon) =50,00"¢ — +m*¢” — L24"
+ k[ = " 90"¢ + Lhd, 98¢ — LmPhe* — L Ang’]
+ K20 = 2k W) 20,00 ¢ — LmPe* — £A9%]
+ 3K ih, ¢ ¢ — 1 hhy 0 p + O(C). (3-20)
RV B HE IR R, FRATFEIRE AR E o 7E FL T S E () BT 1 FE T
P(x) = ¢(x) + @(x). (3-21)

WE, nuMeFWA NG IETE 5, Mh,(0)5e)REETHKE, EAIH
EXTEAMER T,

¥ UL IR i Lagrangian, f HAR B 2 & 7Kk (b, M) I IXI0,
BAAF 5

Ly =Lto[-0"-m* - La¢*]p (3-22)
+ 2k[ = 2h, 00" + hd, P — m*Php — L1¢ hy) (3-23)

+ 5K (0 = 2hy h) Lo + $KHh, 10 90" P
— L&2hhy, 093" §. (3-24)

[E]IF, AT 200 N\ FH Hilbert-Einstein{E FH & o1 Bk [ I,

Ly = [0 h — W0 hyy + 20,040, — 200" 9" hyy ] + OK), (3-25)
DY SRt e
A, A
La=——h- Z(hz — 2k, 1) + O(K). (3-26)
K

3.2.2 Landau-DeWitti#]3E

A 2423, f£Landau-DeWitthHl i T iH5EIG45 BB KRR fE . FATTEAS /N
Tk e B A TE 0. € X, Landau-DeWitth) i i A 37 & v 22 #t o
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Bt B, Mg E M REAS ST iR

08y = — e/lﬁﬁgw - gha,,eﬂ - gM@ve’l, (3-27)
5 = — €'0,0. (3-28)

FH G T LS tH RS Bk R VG AR ¥y A
Shyy = —L(0,6, + 0y€,) — (€103 + hay0u€' + hyadyeh). (3-29)

BEi, AT S H e AR A etk DIMEZ Oy LB . T, FiEAE
FIBABE SO

Shyy = — 0,6, — 0,6, — K(€' Ol + hp0,€t + hypdyeh), (3-30)
8¢ = — ke'9, 9. (3-31)

AT AT 352 AR R AR T,

K] = = k[0,8,0(%) + g1()0ys + 8ua(x)0,16(x — ), (3-32)
K3718] = ~ kdad(x)8(x = ). (3-33)

FAT 7R BB R [ e TN
Lcr = = Flhu, ¢, (3-34)
Ho F2 e 5 4. Hi4ELandau-DeWittHiia 2 & X, B
F[h ]:l dd dd [Kgﬂv(Y)G I’l ( )
vy P ) YA IR, 8 (8o (D) KMpor\Z
+ K3VGpp00(2)] (3-35)
Hrp, K5GMYMEUE . HTRIMNC&HIE T ENG,; R, i,
5 f ddyddz Kg# 0) U]Ggyv(y)gpm) [11&hpe(2)
=-= f dyd?z [ ()8, + 7 (x)8,16(x — y)

o LU
= aﬂhﬂ/l + %a/lh
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VALK,
2 f d'yd'z K3 [$1G piroco [, Bl ()
=5 f d?yd?z K[ 0,(0)]6(x — )5y — 2)¢(2)
— £[020(0)]e(x).

DRIE, BRG] 5 25N
Fallyy, ] = 0 hya + £0,h — Sx(0:19)e, (3-36)
FH ] 5 H Lagrangian H B VI [ 5 1 -

5 F? = (@ by + $0,h) + 5217 (0,8)°¢
— k0 G hyp + $0,h)p. (3-37)

Hrh, R RHIES T RIEMF SR, T, 2N, X5 Tk, #4595
AR 5 ] R ECHS WL A ye T 2. FEHERYE T, 91 71 F A K A5 2
. fEc = 1i}:

F/l[h/,tv’ ¢l = a#h,u/l - %(9,1]’1 - %K(alé)(p’ (3-38)
and

LF? = L@ — 20,07 + £x2(019) ¢
— 5-kd' B by — $0,h)e. (3-39)

BERH, NTHEINEFmMAMITE L RMER, BN ETHEIRE
Wa — 01264

B0 Landau-DeWittH Va6 5| NAEF JLA B0, B

OF oy, ¢l
Lgnost = ¢ T s (3-40)
/\I:F"
OFolhyw, 1 6Fally, ¢l OFollw, @l g -
= K" —K,[n,¢]. 3-41
5cb Sl (7] + 50 51,91 (3-41)
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Rk, H1(3-36), (3-32)LA K (3-33) =, w44

0Fq[hyy, ¢l

s = w1010 + S0k, + 100 + 31 DaB)Dp0)

= = o0 — (1 + )90y + +k*(0aP)(0p). (3-42)
R, FAVUSEI R, .

Lonost = =8 [100” + (1 + 08,0, ]c” + +k78(8,0)(D,)C”. (3-43)

3.2.3 FK4&In

WRES TR H 3720 (W) (0 P AR 32 eR s, BT

6%S 5 OS
S5¢i5p; ¥ ody
wohE M, BRIk B B0 R IR sTEk. AR E SR B
BBz R R S LR IUE, B

VZVJS = (3-44)

555:;/() - %(Wﬁa% + %UAKZO’ (3-45)
58

) = (3-46)

5551;) T %"M’ (3-47)
i;; =-p-m'p— +1¢. (3-48)

734k, FATCAEMATSS T P BRES R 8. WUt w7 RIS R ER T, O

0
-7 f d'zd'udwT i*iiigw)f(( )) R (Wl ().

= 4K hhy, 090" — k> Hyha ' 0’ ¢
[262(08)* + T2 Lo — (d — HA)(R* — 2Ny, ™). (3-49)

8(d 2)

) 6LW
f AU T o S )0)

=£[0°¢ + m*$ + + 14’ |he. (3-50)

f dzd‘ud'wrsess 5£(( )) ()p(w)
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= 5K (509 — Lo+ SA]S. (3-51)

3.2.4 Feynman#i Ny
PSS 0L E =/ R, 1ok, & MlagrangianfE JF 2> 25
5
Ly =50,09'¢ — 3m’¢? — 3.
+ k[ - 0 90"¢ + Lhd, 8¢ — LmPhe® — £ Ahg']
+ k(0 = 2Ry W) 10,00 ¢ — Tm*¢* — 129"
+ 3K, 90 ¢ — 11 hhy 0P + O(KC). (3-52)
MHEUH T2 ki I ko, BA
Ly=3¢[ -0 —m” - $ad’]p
+ 2k[ = 2k, 030" + hd, P ¢ — m*Phy — L 1¢  hy]
+ 5 (0 = 2y h) Lo + $K B0 60§
— LiPhhy, 0 5" 9.
Hx, FAITA K HHilbert-EinsteinfF H & )T, & 0Tk 5] /17 LR
Ly = F[1h0%h — W0 hyy + 21,00 0,0"" — 2000 By ] + O(K). (3-54)
R, AT FH 20

LA = —%h —~ %(h2 — 2R, i) + O(k). (3-55)

AN, SRR B TG SN R B R 15
Lar = 2= b + $£0,0)° + £13(0,8)°¢°

o (3-56)
— EK@ ¢(8“hﬂ,1 + %aﬂh)(p

DA% T
Lonost = =8 [10,0” + (1 +)3,0,]c” + +628(0,0)(0p)C”. (3-57)
B, FRATTIE A BRES T

Leonn. = %thhyvﬁ%ay@ - %thzhxlvauéavé
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— 533131509 + GHiE Lo — (d = HAJ(R = 20y, )
+ 5[0+ m’p + A8’ he + 15[ 5(08) - $ Lo+ EA]Q*. (3-58)

ZUt, 1ZHW A Feynmanfi U RIAT AL _E & T EEH, B8 257 RE TR )
THE, AR AR T

e 1
: k _ !
L k2—m2+2(dd2)A
W+@i )AkmwmvdyM%H
B w k  po

4k 7],,) ko—)
—(l—aq)— 2|
k% + (2 — E)CUA

S - ﬁn,uv

T F
¢ ¢
P1 )20)
X =—il+ ikz[% — 2]pi - pr +ik 4(dd 5 m?.
14 ¥
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ASY

p . y ; Y
:lkk?lp )+ ka(”kz)
kl/// ) _%K[kl'P'i‘% 2_$p_k2+%m2]npv
(p h’uy
¢ ¢
P1 pP - e oo oo
=4C[p1 - pa = FSmA N = 2™
+ ﬁ'KZ[nyvp(lppg) + TIpO'p(lllp;)] _ isz(llJUV)(ppg).
hﬂ" hpo-

= —ik/ln”"
¢ ¢
}% = =ik A 70" = 20"
¢ hw P
¢ ¢
P1 1)
= i PP}
&, ¢,

TR IAE I S B 25 18] FE R AR R 2 8 = —1RARIME 51 7 iiE 3%
FEAERCIEIE T, 51717 Il 225 W 2 k.
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'/\I
_\./_

(a) (b)
L \M
© (d)

K31 trmEERE—REE
3.25 IrEHRE

BAE, FATEL A FeynmanfUAE T LIS . B ARSI A b,
HVPH AT A e K e i DLEE L, R DR D9 BRATT AT DA A 332 H e ) 5 o 20
B, R TR B R AT . BT FIREAV R, AT AR E
BT g, AT E M IE TSR p IR By, RARFER Tt
R I2E Ao R 14 204 R B E R A

b H e — B A B3 7R . AEXT AL K BN B Bl B BEAT T BRI, 34T
] 7 A AL S e N BT RR T 48 Kt I TRATH S I, FATTAEE R
AR . XS R RO ML T8 p U I T p* . p, B m
TN HAT AN L

@) = 55 [+ (3 - 2)p* = TEmP[-p® + (m* — A) log 1] (3-59)
(b) = — Z25k2m’[ — i — 2A log 4*]; (3-60)
©) = — =k’ Pus (3-61)
(d) = 5 (1 - L)pA?

+ relaep 0 = ) = Gm® = 3 N)p? = 3 [logys” (3-62)

gi b, IS EGE B PRI, A

i
@) = T&ﬂ[ — 40 + 26K°m* - szz],uz

1

1282

[K2(3A — 5m?)p? — 8m* K> — 4AN + 4m* A + 50K2m2A] log 2.
(3-63)
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(a) (b)

~ A M
© (@ ©

¢y (h)
K3.2 ﬁglﬂlﬁmﬁ Kl &

3.2.6 M=IEMTNfAEEE

WP ST R, WL RS R R TEIE . VY AT R —
Bl EnE3.20 . HTRAN RO AR RITRA KA IE, Kk er LT A 4h
ZEp = ORI . RHEEH, (@) (). (L& WEZBIHEHEI FIEL
R MITFEATH F i @)~), OFI(g)%E.

EEE, BATM TGS @M RRLl3, KNREKE SRR =EIER
Tk AT T (o) BRI S5 R A4, KA b i P8 AT 9% T DY 46 A R A — 4%
z b,

O it v-a GRS S EOECE S i I o

(@) =g AU’ = (m* = S A) log ] (3-64)
(b) = 1612,&[,12 +2A log p*]. (3-65)
(©) = — 2L Am” log >, (3-66)
(f) = spld = 5°m ) log . (3-67)
(@) = 125k*m* log . (3-68)
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H AT 58, 3RATT A DY e T A o5 50 e 5 B SO0 AE — el LKA

I(p; = 0) = —id + ZHidk’y’

+ 64#”2[ — 192 am* + %Kz/lA +61% + %K‘Lmﬂ log % (3-69)

3.2.7 PBEH

ANHE M BLE S5 R AR 5] BN BRR BB 1 . BATTHE R 25 B AL T
B Ok B Beit, A

Zy =1~ gkt (M? — 1i%); (3-70)
Zy =1+ =6 (M* = ). (3-71)
ESJ:
o1 3K u?
A) = = : 3-72
PO = Fioen = 8n2 (3-72)

B, SR IR IeHEE A

3.3 Einstein-Maxwell¥2i 5Einstein-Yang-Mills¥Ei£

SEAPAT TR AR E B AL, HER XS Feynman i U 45 o1k /Y Lagrangian /)
KH=E7r: L MLagrangian, FVGEE, 5B, LUT AT AEEZ .

3.3.1 £HIFR
FEBE R FAU)MTEY ) Lagrangian T 45
Loep = —$ Fu F*. (3-73)
FESIJINTG, | X ALFR A ) Lagrangian Y -
Liym = =5 V8878 FuvFpo (3-74)
Hor, F, AR
Fuy = 8,A, - d,A,. (3-75)
—URBEAE, %R g, MF U R R,

8uy = N + Khyw (3-76)
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PA R
g = — k" + KPHAEY + O(K). (3-77)
BA 1435
Leym = — 1+ Leh+ 220 = 2hh™))
X (% = k" + K Hh™) (" = k" + KRGV Fyy Fpr + O()
= — T FuwF" — k[ $hF W F* = 20 F,,F "]
— [ § (B = 2hpe 7V F y F* + QHah®™ — W) F,
+ WPRTF 0 F o] + O(C). (3-78)

3.3.2 Landau-DeWitt#i3E
SRR, PRSI AR B AR Bl JIEB I AR RRAR He, DL K HLR
W UG . ATH e MHTH TS 8, HeXtEEESH L. T
&, EHMARNECEIER T, SmErRHA:
5g;1v =- E/Ia/lgpv - gﬂva/.zf/l - g/.txlavflla (3-79)
6A, = — €'9,A, — A0,€ + 0,€. (3-80)

Y, )i RV AR B A T A

Kffm = — k[018/(X) + ga(X)8y; + €ua(x)0,]6(x — y), (3-81)
K =0, (3-82)
K = — 0,4,(x) + A(x)3,150x — ), (3-83)
KM = 8,6(x - y). (3-84)

H—TJ7H, FATE L H1E T Einstein-Maxwell¥E 18 2 37 25 (8] E B I £ 0 &,
N

G (0.0 [8] = 5 V—8®)[g" (g7 (x) + £8"” ()¢ (V]6(x —y),  (3-85)
Ga,a,ml8 Al = V—g(0)g"6(x — y). (3-86)

AT 'S H Landau-De Witt £ 7 [#] 52 T ;

Lor = 55 F il @] = 35F7[a]. (3-87)
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Forr, VG EE S AFF 2 PR o, RERLT T SCARBRAYE B S UHFLE B
HIEE, e Al R P a4s

2
+ K Gapmean 3], (3-88)

1
Fﬁ[hﬂv’ a.u] =5 fddyddz I:Ki;‘/(y)Gguv(y)g/ur(Z)thO—(Z)

Fla,] = - f dyd'e K5 G, 15, oo ()

+ K Ga, a0 (3-89)

KR, A AR B ALF (s ] 5 ], WS HSE 2 P B3] 73040 15 2T W)
FRY R RO BT 2% A ), SBT3 649 5 51 WL I Lorentz 5t 4% FE A IR

A B8, Al RIORH

Falhyy, ay) = (8" hya + $£0,h) — 2x(0,A0 — 8,A,)d", (3-90)
Fla,] =0,d". (3-91)

R, B Ty

-EGF :i(a“hﬂ/l + %6,1}1)2 + %[a"(@l,fh - B,IAﬂ) + /h(')#a“]z
— £ (0" + £0'h)[a”(8,A1 — 8,A,) + A,0,d”]
— 25(0,a"). (3-92)

FIRE, FAIR S8 R, B g

OF[hyy, ay, x] _ OF[ay, x]
580) ﬁoo+dm—3367—

Folhy,ay, x] _ _OF[ay,x]
Se) O+ C(X)T(y)c(y)]. (3-93)

Lgna= [ dixaty[eo é)

o)
+¢%(x)

TR KA

Lahost = € [ap0”> — (1 + €)0,05]c" — €d*c
— k20,4, + 8,A,)d"¢” + TA,0C" + 20,0,A " + L F,,0'c]
- 2P F (A0 + 8,A1C). (3-94)
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3.3.3 EX&EIN

Wb & EALR, ASRIGECKEIN, IRATFE E 1183 % (8] Christoffel Bt

K AEE
gax(2) [l uvep co oot vy _ S v)(p <0
rgm(X),gpa(y) - [4 (Tru 5(/16'0 + np 5(/1610) 5(477 6K)

- 4(d1—2) mm’jvﬂw + z(dl_z) mm"(pﬂo—)v]
X 6(z — x)6(z = y),
M@ o = "8 - 8, - & (816G — )6 - y),

2 .
T30 = 5100167 - £ 00 (0g™ ()5 — 10(z = y).

PR AT Bt 25 3 e — iz eR RS 2 15 537 AL (1 HRUE -

08 v-m 17l Ak © - AB
= — L[LIy™F 3F* - 2F¥F* ],
) H12T o s
8Sn_ _ 0.
5(Kh/lk)
AN A .
= — —2]7 s
6(Kh/1/<) K
5Sy. _
M =~ 8 - 310")A,.
oay

A, AT RATHER .

— IT8( Ly + Ly + L) oy (kh)?
zékzhyvhpv[«dl_z)(%ﬁz + %A)(ﬂwflm - zrlll(pno-)y)
= SO P T FAE ) + FUp R
_ d-4 2 y i d 21,2 v
=g AR = 21 hy) + A [ F2 (P = 20y,
— hhyy F*'FY | = 2100, FYEY ],

—[o(Ly-m).a(kh)a = =4 (hay — 2a,)0, F*,

2

—3 Ly + L+ L) na” = §5l 3 FopFPa* = 2P Fpaa,] + 1 Aa”.
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(3-96)
(3-97)

(3-98)
(3-99)
(3-100)

(3-101)

(3-102)

(3-103)

(3-104)



3.3.4 tHxFeynman N

BATAES R ERE G H B — BB IE, Uk A TR R RTE S P R T A
PR — BRI P . IX R, AR 75 A8 Lagrangian XA IRI AT . 1)9¢
THE MR EA ST =K 2R TETIRKES RN IR TEFX
— ri ] DAIRE G /R 22 0 Ok B Feynman U (1) 7HL, - AT 2 35 ek 1 H &

PATILAE M B L4521 ) Lagrangian 1 B H 3 2 DA _E BRI, AL, B 5es
RYEIAA, > R E TS 59A, 58T K& a,:

A=Ay +ay, (3-105)
NIIE=]
Fu = F, +0,a, — d,a,. (3-106)
He, WATE X T RIS, N
Fu = 0,4, - d,A,. (3-107)

F&, HEG-78)R, A5

+ PR F,,F | + irrelevant terms. (3-108)

H LA E % Lagrangian, W] PATE HAH SR I Feynman ) U 41°F -

iy XEBANTMEEFLA = OULTI T, BOIART AT RO H IR
HUE Tk o

) k -1 k,ukv
g b0 Y= e - -5
wv ko po i 4kt pkor)
By : AAARAARAR = ﬁ[(z’h(p%)v - d_%zﬂﬂﬂlm) -(l-a 2 ]
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(@) )
© @ ¢

(e
K33 HTHE—BE

All
p
= Sk[(p - ki + kD + p"ki + p"p“]
ky 7k

3.35 NXTEHE&E
WRTATE, WATFEE B =R S A 0 — B EE I, mE3.300

f AR T IE AL 5 B /N BT B, JFA B Tracer e i A4 1 11 55 1221 AT 45 2% 141 A 40
RIN

(@) = (oo (PuPy = P8 )1 (3-109)
(b) = 2 (pp, — PP’ (3-110)
©) = — 1 [32 + ZY(pupy — PRgu K1 G3-111)
(d) = = 1 (pupy — P &K1 (3-112)
@) = =z (pupy — P K1’ (3-113)

I'2(p) = 2 (pupy — P01 (3-114)
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T2 Al 1B ER B A TN -

K*ep?
642

Ble) = - (3-115)

3.3.6 Einstein-Yang-MillsI&if

AR L 43 M HES 2 Einstein- Yang-MillsEE 12 1115 . Nk, FATH F 9
Hr A BB EITEIE Abe Va7 I P a1 B LRI AT o B 73Rt T
(@ 51T EIAE, FOZE AW &G ER .
(b) JeT I ERE M B orik . 2 Ve E, WEXS N AT, AR
gikppin CYRETEIENR, AL A I Lorentz 545 «

F°Fla,ay

Rl AE S R TR bn 2 E T T T, AR TR bR 7R B 2 . AT 45 2R 5 Einstein-
Maxwell EVR AH IR . 75— &R 7> DRl B IRES T, H A5 H -

F“F"abab

A] DL AZ 5B 43 % P BBl 4 b SR R0, BRI RS 1% 358 43 D3k 4 ) 21 Einstein- Yang-
MillsE B I, 75 e ARLTEREAE B 2R 43, X TSUW)EE, BIN? - 1,
B LS RAREE H, BB TN E. Wik, Sk B, trE
El(b) A 22,

(¢) G/ FIeTEAA., HERZE, 517 AWA, SN B S RE
T s 5 ML AR A o

(@ 51 IREEAE, FAE R &G 1.

(e) 171 R-IET REAAL . JRKLS Rl 5] 77 R—A FEL o

Zx M, 51 J1% Yang-Mills B 685% £ (1) — &l & IE7E 41k f 5 H X QED &

IESEAAHE . WL AT AR BAE RS & g, WIFRATA] BASZ RIS H Bk £k

— [ RSP (8 Sk B A -

K> g’

6412 -

Bg) = - (3-116)
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El4217R

42T WL, B, 555 HL R =l i AR AR P PR R S R e
RPERI SN R B EiE A i, JF HAR/EPlanckBEAR T T . XIEREAT,
5] 3 R0 TG AT I8 G b AR A I, = AR AR F B RTZE Planck RURE SEI
RGt—. FAVRL, SO G —TC A B AR 21

B = -

0.06 | T [ T [

o | 1 | 1 | 1 | 1 | 1 | 1 | 1 | 1 | 1 | 1 |

10° 10° 10 10° 10® 10 10%2 10* 10% 10 107
u(GeV)
Bl 4.1 bR R e AR A B M sh
Stk QED: flk: S9fERT: Aifsk: smfEf

46



©
o
al
|
7
|

O | 1 | 1 | 1 | 1 | 1 | 1 | 1 | 1 | 1 | 1 J
10° 10° 10 10° 10® 10 10% 10™ 10% 10 107
u (GeV)

K42 BTGB e R & H s HE)
Sifh: QED: Mk BEAL: rifEsk: s

ASCTHE T 851 J180800 bR AR AR TR G A R 2 B sh M B I
ST, IS oA g, AT BRI, B EUR B, R IR R T
(TSR I ] SR AR S SR TR A, ARSONE T 51 1A it
M5 & fF Landau-DeWittfl NEAT 1. [RIFE, AT AT DA% R AR — Moy itk
T R, AN L AIEE SR A3 78 18] LR 2% 1) e B

47



Kl 2.1
K 2.2
K 2.3
Kl 3.1
Kl 3.2
K 3.3
Kl 4.1
K 4.2

MmERS|

By I S I AR ZE R B B 11
St AR bR 2 5 A S R B R ERE] 11
Lol = TR 12
R R BB B 36
P P A AR R 37
HF BB 44
PR R SR A B BB . 46
BT MBIE G MR A R BB 47

48



[1]

(2]

(3]

[4]
[5]

[6]

[7]

(8]

[9]

[10]

[11]

[12]

[13]
[14]

[15]

[16]
[17]
[18]

B3 3 HR

Huang K. Fundamental forces of nature: the story of gauge fields. World Scientific Pub Co
Inc, 2007

Weinberg S. What is quantum field theory, and what did we think it is? Arxiv preprint
hep-th/9702027, 1997.

Amsler C, Doser M, Antonelli M, et al. Review of particle physics. Physics Letters B, 2008,
667(1-5):1

Misner C, Thorne K, Wheeler J. Gravitation. WH Freeman & co, 1973

Politzer H D. Reliable Perturbative Results for Strong Interactions? Phys. Rev. Lett., 1973,
30(26):1346-1349

Gross D J, Wilczek F. Ultraviolet Behavior of Non-Abelian Gauge Theories. Phys. Rev.
Lett., 1973, 30(26):1343-1346

Robinson S P, Wilczek F. Gravitational Correction to Running of Gauge Couplings. Phys.
Rev. Lett., 2006, 96(23):231601

Pietrykowski A R. Gauge Dependence of Gravitational Correction to Running of Gauge
Couplings. Phys. Rev. Lett., 2007, 98(6):061801

Toms D J. Cosmological Constant and Quantum Gravitational Corrections to the Running
Fine Structure Constant. Phys. Rev. Lett., 2008, 101(13):131301

Toms D J. Quantum gravity, gauge coupling constants, and the cosmological constant. Phys.
Rev. D, 2009, 80(6):064040

Mackay P T, Toms D J. Quantum gravity and scalar fields. Physics Letters B, 2010, 684(4-
5):251 - 255

Vilkovisky G. The unique effective action in quantum field theory. Nuclear Physics B, 1984,
234(1):125-137

Vilkovisky G. The gospel according to DeWitt. Quantum theory of gravity, 1984. 169

DeWitt B. The effective action. Proceedings of Architecture of fundamental interactions at
short distances, Vol. 2, p. 1023-1058, volume 2, 1987. 1023-1058

Parker L, Toms D. Quantum field theory in curved spacetime: quantized fields and gravity.

Cambridge University Press, 2009
Peskin M, Schroeder D. An introduction to quantum field theory. Westview Pr, 1995
Weinberg S. The quantum theory of fields: Modern applications. Cambridge Univ Pr, 2000

Jackiw R. Functional evaluation of the effective potential. Phys. Rev. D, 1974, 9(6):1686—
1701

49



[19]

[20]

[21]

[22]

Rebhan A. Feynman rules and S-matrix equivalence of the vilkovisky-DeWitt effective
action. Nuclear Physics B, 1988, 298(4):726-740

Coleman S, Weinberg E. Radiative Corrections as the Origin of Spontaneous Symmetry
Breaking. Phys. Rev. D, 1973, 7(6):1888-1910

Dewitt B. Quantum theory of gravity. II. The manifestly covariant theory. Physical Review,
1967, 162:1195-1239

Jamin M, Lautenbacher M. TRACER version 1.1:: A mathematica package for [gamma]-
algebra in arbitrary dimensions. Computer Physics Communications, 1993, 74(2):265-288

50



B

RIS BE. A AR = HRMTETR . BE . SCRIMERE, IRATAYX
—UIERANTTREM o

IR B ITAT LD A% o I — SRR AT 2 ity H K I [ 5 B AT 1) A0 25
PR FR VAR AR BSR4 il A A o) 1 22 B0 W 3 B K ) D VR 0V L 2
TV BRIFZ R FEITN BB A LSRRI AR A s
B AR BB IO 1 580G, B ST B R

UV R £/ HEE . RAEARHYIAAG 2R £ 2 WA R Z5. &£
LR B NBR YIS KT T AT S0 AFIIR O AR 4s B T 1 IRZI
EN%R.

B E R 5 ST SR B 2% . K USRI 50 22 A
T N AN & A IR B R K . 5 2 T B IAE Sihas 1 R 2 N3
SERIE TR L AT 53

U RSB Be o TRRZINAE FC T dl R 2 5 s AR, JRH T
AmBESE .

fJa, BRI SR A E BRI L. EXZ B, AT E
AR TR T S 1 A SC R VE 2 R REH B AR R

51



= PR

ARNBEEY]: 2RI, ANE RS T, ML
TARPR BRI SCER . RBPTAL B it 5l - A &S, AR ALiR S
WEFE SR AN A AR N ZA Z AR N . XA SO K BT 78 AT A
TURR A AR AN AFIERAA, 38 C AR ST AT 7 bR

9%
R
m

LIR

52



WRA BB EX R RIS

A.1  Perturbative Expansion of the Hilbert-Einstein Action

In this section, we will perform the detailed calculations of perturbative expansion
of the action for gravity in terms of a small parameter x. At the end of our derivations,
we will get a linearized theory of a massless spin-2 particle, with general covariance as
expected.

In general relativity, the action for pure gravity is given by
S:SG+SA, (A'l)

where S ¢ is the conventional Hilbert action, and S 4 is the cosmological term:

1 1
Sg = f d*x V=gR = — f d*x V=gR, (A-2)
167G K2
2
Sa=-= | d'x y=gA. (A-3)
K

In which G is the Newton constant, k = V167G is the (typically small) parameter in
which we will expand the action, and A is the cosmological constant.
The form of the action will be quite different when different conventions of various

quantities are taken. Here we adopt the following set of conventions:

V=g = /—detg, (A-4)

R =g"R,y; (A-5)
R =Ry, (A-6)
R =Thy + o l0, — (o v); (A-7)
T, = 38" (Savu + oy — 8uva)- (A-8)

Where a comma denote the partial derivative:

0
Ay,=0,A=_—A; A'=0'A=_—A, etc.
0x,
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We take the signature of the metric to be (+,—, —, —). Different conventions are also

used in literature.

We will expand the Hilbert action around the flat background metric 7,,,. Thus we

split a perturbation 4, out of the whole metric g,,, as follows:

8uv = Nuy + Khuw (A-9)

Note that « has the dimension [mass]~!, thus hy, is a field of dimension 1.

The inverse of the metric, g*”, can be expanded as
g =1 — k" + CHERY + O(F). (A-10)

We note that the indices of 4, are raised or lowered by the background metric 7,,.

Furthermore, we will also use the notation
h= hﬁ =" hyy. (A-11)

Next, we will expand the action (A-1) step by step. The calculations are not
tricky but lengthy. So before going on, let us outline the main steps. We expand

the connection coefficients I, the Ricci tensor R,,, the scalar curvature R, and the

pv
determinant factor 4/—g in turn. We will expand each quantity in powers of «, up to

O(?).

First, expand the connection coefficients.

Lo, =2k = k') (hayy + hapy = huva) + O(C)
:%K(h:},ﬂ + hﬁv - h/n’//l) - %th/la(hav,u + hOZ/J,V - hpv,a) + O(K3)

:rf}v‘) + rg?) +O(K>). (A-12)

1—~/l(2)

Where we use Fﬁ(vl) to denote the terms linear in «, and I';;

to denote the quadratic

terms in k, etc. That is,

I = Jx(hy, + by, — Y, (A-13)
1—125,2) = —%th/la/(hav,p + hoz,u,v - hﬂv,a)~ (A-14)

Similar notations will also be used in the following.
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Then, we expand the Ricci tensor in powers of «:

Ro =T} -T4 +TL 19 -T1 17

kA, v vV, vo© kA Ao kv

=R + R® + O(x*). (A-15)

There are two types of terms in R,,, the one in the form of dI" and the other in the form
of I'T. In the perturbative expansions, the leading order terms of dI" are linear in «,
while the leading order terms in I'T are quadratic in «. Hence, only dI" terms contribute

to R,Ely), that is,

(1) _ 1 A _ A pd _pd A
RKV ) K(h,K,V + hK,/l,v hx/l,y hv,K,/l hk,v,/l + hxy,/l
_1 A A A
=5k(hyy —h, iy h,oat hkv’ 3 (A-16)

The contributions to R,((zy) come separately from JI' terms and I'T terms. But it’s not
difficult to see that the contribution from oI is a total divergence, thus we will not
bother to write them out explicitly. Instead, we find the following expression is enough
for the further calculations:
. o(1 A1
R® =(total divergence from aT') + rﬁfﬁrkj ‘T A‘(T)I“Zy(l)
=(total divergence from dI)
+ KMy + )y = hy YRS + S = h i)
— L&Ph o (hS, + WY, — hy7). (A-17)
Now, we can expand the scalar curvature R, in the following form:
R =g"Re = (1 = kh™)Rey, + Ok
=R + R@ + 0(). (A-18)

More explicitly, we have

RO =R

= %Knkv(hik,v + h//},/l,v - hk/;:);/ - hi//l,K,/l - hﬁ,v,/l + hKv://ll)
= k(0*h — " h,y), (A-19)

and

R(z) — nKVRI((%) _ KhKvR(l)

KV ?

(A-20)
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R =+ (h, + by — hy O + BT = BET)
— LiPh (T + K7, — ') + (total divergence)
=L AW hyy + 20 1y, 20,h" + 200 & hyy, — hO*h)
+ (total divergence),
—kh"RY) = = FCH (hy — by = By + B
= — 2K (h0" & hyy + 20 1 20,0 + W 6%y

+ (total divergence).
Thus,
R® = LiA(-n*d*hy, — 20" h,,0,h"* — hd*h) + (total diver A-21
) uv uAUy gence). ( )

We still have to expand +/—g. To achieve this, we make use of logdet A = tr log A.
Then,

det g, =exp(tr log g,,) = exp[ tr log(n,, + khy,)]
=exp[tr log(éﬁ + Khﬁ) — tr log(")]
= —exp[l + kh — %thwh“"]

== [1 + &h + +K2(h* = by )] + O(C),
thus,
- detguy = 1+ Lxh+ LAH = 20, 1) + OGS). (A-22)
Now we are ready to expand the combination 4/—gR. It reads:

[vV=gR1" = RV = k(0°h — 0"0" ), (A-23)
[V=gR1® = R® + LxhR™"
=1i2[ = W0 Ry — 209 hyady k™ + hd*h — 2h8" 0"y |
+ (total divergence). (A-24)

It’s time to write the perturbative expansion of the Hilbert action. If we are allowed
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to drop all the total divergence, and keep only the terms up to O(x"), then we get:

SG = fd4x£h,

Ly = L[h6*h — W67 hy, + 2h00" 0,0 — 21010 Ry ] + OK). (A-25)

with

This is precisely the Lagrangian for a massless spin-2 particle, with the symmetry of
general covariance.

The perturbative expansion of cosmological term can also be written out directly

SA= fd4x£A,

h— %(h2 — 28, 1) + O(K). (A-26)

now, as

with
A

K

Lp =

We have dropped a constant term in L.

A.2 Christoffel Connections in Field Space
A21 Metric

In this section, we give a detailed derivation of the Christoffel symbol for the pure
gravitational field. Our starting point is the following one-parameter metric in field

space:

Gy (0gm() = = V—8O[g" P ()87 (x) + 8" (x)8"7 (0)]6(x — y). (A-27)

Some conventions:

g(x) = det g (%),

AyB,) = %(A#Bv +A,B,),
Delta function 6(x) are defined as

f dxsx— W) = £,
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thus it transforms as a scalar density under general coordinates transformations.

Here are some frequently used formulae in the following derivations:

1)
55 () = _gﬂp(x)gva'(x)m,

0 w
————g,0(x) = 61676(x - y);
88 (" p

PT(y) = —gPHGNT 5y _ )
5gw(y)g (x) = —g"Mg"7o(x - y);

5%m (y)g(X) = g(0)g"(x)6(x — y).

Now we begin the derivation. The Christoffel symbol Fif y for metric G;; is:
Il = $GY(Grij+ Giji — Gijo). (A-28)
Thus we need to work out the inverse metric G”/. It is not difficult to show that,

Gg,uv(x)sgprr()))
=210 [ (o (X)grn (%) = 32 8uv(X)gper ()] (x — ). (A-29)

Now we calculate the following quantity:

k _ g/l‘r(z)
L =L (0800

1 5
=— dw G8(2)-8ap(W) G
2 f [ 5gp0'(y) 8apW),&uv(X)
o S
+f—G % .
Sam (0t o 000 |

Step by step.

o
Gli,':—Ga W), g (x
J 5gpo(y) 8ap(W),gpuv (%)

0 @ V. c ,q v
=) FEOI L 00g ™00 + 557 00w

= KLZ \/W [% 7 ga(ﬂ gV)ﬁ _ ga(p gcr)(u gV)ﬁ _ ga(u gV)(p gtr)ﬂ
+ %(% g gaﬁ g - goz(p gv)ﬁ g - gcv/? gﬂ(P g(r)V)]

X o(w — x)o(w — y).
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Then,

Giij+ G — Gijy
=Llgw)I'P[5 (778" g + g™ g7 — gt Pg™)

_ g MNP g _ 0, 4tp g gNB gl BN 0V gH(p g )Y

+5(58%8" g - 28¢5
X 5w — x)6(w — y).

Thus,
Ffj Z%le(Gli,j + Glj,i - Giﬂ)

57768 + 876,67 — 8:8"087”)

= 264870 57) — 25(87%45Y) + 81/, 60 87 + 4575,
+ (58088 — 284:8"P87")

— [+ (281,877 8" — dgarg"¥g”") — 28.1:8" 87"
+ $(3dgrg"” 8" — 2dgig" g™}

X 6(z = x)6(z = y),

which can be simplified to

8ar(2) _[L( v sP 5O po vy S v)(p co)
L gt =L7 (870507 +8776,07) = 6,86
_ c uv po 1 up o)V
4(2+dc)g/lrg gp 2(2+dc)g/l‘rg 8 ]

X 0(z — x)0(z — y).

A.2.2 Scalar

Consider a scalar field. Its metric in the field space is given by

Gopy) = V—8(X)d(x — y).

Then the potentially non-vanishing coefficients of connection are

é(2) g(2) F¢(z) FgM(z)
8u(X)&pr ()’ (X))’ (X))’ P()P(y)*
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It’s not difficult to see that the first two coeflicients vanish. Then we only need to

evaluate the remaining two.

o0 _ 4 oK ) 9
Do) = f dfw GIE T )G¢<w>¢<y>
/n/

_ 1f 5 (x) V—gw)o(w — y)o(z — w)
/_ -

= 28" (2)6(z — )6(z - y). (A-32)
@ 1 gdy, e ak(z)g,w(W) 0 G
PP — T 2 w )
08uy(W)
=~ % f gﬂ(ﬂ(z)gk)v(z) - ﬁgﬁw(z)gﬂk(z)]
-g(x) w)
= - 3@ — )5 - ). (A-33)

A.2.3 Gauge Field

Next we consider the Yang-Mills fields. The corresponding metric in the field

space is

G gty = V=808 (0)5(x = ). (A-34)

By the same arguments in last subsection, we see that the only non-vanishing coeffi-

cients of connections are

2@ g(2)
rgw(mﬁ(y)’ Dasconty (A-35)

Thus,

I—A;(Z) 1 dd A€ (Z)A‘I(W) 5
= = WG A et G
gw(DAL) 2 f S () AYA)

1 )
_ 1 dd — ap

X 812(2)6°46%S(w — y)6(z — w)
= 1[g" (@), - §"(2)6), — " (2)8,16"6(z — x)5(z — ). (A-36)
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8x(2) _ Gg/lk (Z)gp(r (w) 6

1 d
- a5 d G a
AL(DAY() 2 f 5g,uv(W) AL(DAY()

3 gpu(Z)gk)rr(Z) - 8 (D))

— ab v _
5&”( ") [ V=g(x)6“"g" (x)]6(x = y)o(z = w)

_KT [5(M6V) 2+dcg/lk(x)g'uy(x)]6ab5(z x)6(z — y) (A-37)

A.3 1-Loop Diagrams in Scalar Theory
A.3.1  Two-Point Vertex Function

(a) The Scalar Loop

d’k 1
_ 1 201 _ 1N,2, 1,2 2
(a) = 7[/l+ K (Z - Z)p + fK m ] (27'[)d k2 2 i ] A (A-38)
(d-2)
Taking d = 4, and using cutoff regularization, we get
@) =gzl + (5 = 55)p° = 76°m’]
x| = M? + (m* = Aylog (1 + A50))|. (A-39)

Renormalizing the result by minimal substraction with physical scale u, then we have

@) =5z[d + (5 = 5)p° = 3mP ][ + (= A)log 2’ (A-40)

(b) The Graviton Loop

(0) = S g’ [(d = Hp* = dm |1 = 20 C1"]
L[ P P + T p Y] + ik P p7)
d’k i [
Qmy k2 + (2 - A
Aty oko)
—(1-=-
( a)kz +(2- %)m\]

o = F5MuoTlpr)

(A-41)

Contractions of indices are listed as follows:

Yy
(717 = 2007 [ 20Ty — 3 Mumpo] = SE352
[ = 2007 Ttk = —dIC.
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(7"’ P + 7 pHp’] [Zny(pno')v - d%znuvnpa] = —d;fzpz-

[ 0 07 + 17 P ki) = 2(p - k).

pUn p7kguinypka) = G2k - p)? + KPP

The integral can be simplified by first taking @ in the denominator W to be
k*+ Z_E aA

zero, but keep the other as explicit. Then, after all the indices being contracted, we get

(b) = & { (8+160)-4(3+4)d+(+2) P~ 2 d(d—1+2a) mz}

8d—2) p 8@d—2)
dk 1
Qo2+ (2 - A

Now taking d = 4 and @ = 0, and working out the integral, we get

(b) =1k (37 = 3m?)| = M? = 2Alog (1 - 45))|. (A-42)
Renormalization:
(b) :#KZ(%])Z - 3m2)[ — > -2A 10gu2]. (A-43)
(c) The Ghost Loop
(©) = (=i’ p"p” %,}znﬂv = *p? (ji’)‘d é (A-44)
Taking d = 4, we get
(©) = —=K*p* M. (A-45)
Renormalization
(©) =~k P, (A-46)

(d) The Graviton-Scalar Loop

(d) = {ix(k = p)*p” — skp*k”
— ik{(k=p)-p+5p° = 55p - k+ ")
x {ik(k — p)®p” — ikp(pk‘r)
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— 5[k =p)-p+ 5p* = 55p -k + w7
d’k i i
QCmYI2 + (2 = 5N (k = p)? = m? + 55 A
4k oko) |
K+ (2 - 4=H)aA

X | @utpon = F5mTor) = (1= @) (A-47)

Contracting all indices, and taking d — 4, we get

@ = £ k1 1 1
A ] Qut kR4 2M K + 2 (k - p)? — (m? = A)

X [P + 2A) + o = 3K2m* - 4k p? + 2K m? p* + 5K p

= 8(k- p)*(m* + p*) = 8K p*A + 2(k - p)(m® + 3p*) (k> + 2A))| + O(a).
(A-48)

We do not write out the explicit form for terms of order O(«) since they will vanish after
taking limit « — 0. We also note that only terms independent of p and proportional to
p2 are relevant, since the former contribute to the mass renormalization and the latter
contribute to the wave function renormalization. Terms other than ones in these forms
arise from the non-renormalizability of the theory. We will call them “irrelevant terms”.

Then, collect the needed terms and list them by the order in a, we get

d*k k? 1
d = thpzf 172 2 2
2m)* k* + 2aN (k — p)> — (m* — A)
L1 d*k 1 1 1

75 ) IR 1 2A K2 + 2aA (k= p) — (m2 — A)
X [ = 3k%m* — 4k*p* + 2*m? p* — 8(k - p)*m* — 8k*p*A
+2(k - p)(m® + 3p*)(k* + 2A)] + irrelevant terms. (A-49)

Thus we need to work out the two integrals in the expression above. We call them (d1)
and (d2) The first one (d1) is proportional to !, thus it needed a careful treatment:
d*k k? 1
Qm)* k2 + 2aA (k — p)> — (m> = A)
Lo [ 4 fl L+ xp)*
0

(dl) = &°p’

da

= 1,KP (27.()4 x(k,z — A1)2
d4k/ 1 k/2
_ 1,22 .
= @K 14 (271_)4 j(: dXW + 1r. (A-SO)
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with

k' =k - xp, (A-51)
A; = x(x — D)p? + xm® — [x + 2a(1 — x)]A. (A-52)

(Here and following “ir.” means irrelevant or finite terms) Then using cut-off regular-
ization, we get
) )
ik ik
64an? 64an?

1
f dx2A; log (1 + 42 +ir. (A-53)
0

Renormalizing this by minimal substraction with physical scale u, we get

i K2 p2 5 i K2 p2
odar’ " 64an?
i K2 p2 5 iKZ p2
= dar! " 64an?
_ iK2 p2
" 64an?

dl) = -

1
f dx2A, logy® +ir.
0

[m* — A — 2aA]log * + ir.

1202

p 2,
3 Alogu” +1r. (A-54)

[ — 12 + (m* — A) log pi*] +

Now we turn to (d2). Since (d2) contains no a pole, thus we are free to set all @ = 0 at
first in order to simplify the calculation. Then we get
, (d% 11 1
Qr)* k2 k2 + 2A (k— p)? — (m2 — A)
X [ = 3k*m* — 4k* p* + 2k*m? p* — 8(k - p)>m*

(d2) = T«

— 8K2p* A + 2(k - p)(m* + 3p*)(K* + 2A)]
| 2 d*k —3m* — 4k’ p? + 2m?p* — 8p°A

) @0 @20k - pP -~ N)]

1,2 d*k 2(k - p)(m* + 3p?)
* Q2m)* (k2 + 2aM)[(k = p)* = (m* = A)]
P f d*k (k- p)*
Qmy* K2(k? + 2M)[(k = p)* — (m* = A)]
L, A fl —4k2p? - 3m* + 2m2p? — 8p*A
= 7K
+ m* Jo (k"2 — A)?
d4k1 1 2 2.2
P12 f dx 5P
Co*t oy (k2= Ay)?
d4k/ 1 1-x k/2
2.2 2
- d dy ———— A-55
K'm~p (271)410‘ x‘f; y(k,2 —A3)3’ ( )
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with

k' =k - xp; (A-56)
Ay = x(x — Dp? + xm?* + (x — 2)A; (A-57)
Az = x(x — D)p? + xm* — (x + 2y)A. (A-58)

Working out this with cut-off regularization and minimal subtraction by u, we get

) 1
f dx|4p>(* = 2z log %) + (=3m* + 2mp* = 8p*A) log 11?]
642 0
2 )
+ « p*m*log i® — X p>m?* log 1
6472 3272
2

: 2
1K K
= 167 PPy’ - @[pz(%mz —A) + 2m*]log . (A-59)

(d2) =

Now combining (d1) and (d2), we get:

i2p? . 2 p?
64cx7r2'u 64an?
iK? iK?

167r2p'u " lon2
= = - )P

d)= - [m* — A — 2aA]log 1

[P(3m* = A) + 2m*]log

1K
* Tex [P’ m* = A) = (3m* = L N)p* — 3m*]log i’ (A-60)

A.3.2 Four-Point Vertex Function

(a) The Scalar Loop

(a) = u<2/l s £ 5 d'k y ! (A-61)
Q)T k2 —m? + 5 2)A
Setting d = 4, we get
ik’
() = 5[ MP — (? = SN log (1+ )], (A-62)

(b) The Graviton Loop
(b) = = Sk A5 [0 = 200"

< e amale 2T
Qr) k2 + (2 - 21 421) A NMueMoy = g3 Mwlpo
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Akt pke) ]

—(1-«a }
( )k2+(2—%)aA

Contracting the indices,

(b) = 1 2—d [d(4+2d—2d2) +(1 - a)4d] d?k 1

@t a2 Qo2 + (2 - 44N

Setting d = 4, we get

3ik*A
(b) = W[M +2Alog (1 - 45))|.

(c) The Loop with 5-Point Interaction

(©) = (= Lkd”)( = £xm’ ")
dk i i
QmY 2 + (2 - SN —m? - A
4k akp) ]
R+ 2-Lhant

X [(277/1(a77ﬁ)v - d%zn,uvnaﬁ) -(I1-a)

It’s convenient to set @« — 0 at this stage. Then:

d?k 1 1

QmY 2 + (2= SHINKE —m? + A

- 22
(c) = _Z(d 2)/lkm

Setting d = 4 and working out the integral:

3ik:Am?

1
(c) = —Wjo‘ dx[log(1+ )—M2+A

!

(f) The Scalar-Scalar Loop

d?k i 2
(H) = %[ id+ 14(dd 2)K2m2]2 d[ ]
QRr) L2 — m? + T 2)/\
Setting d = 4,
(0 = 33pl = 3w’ Flog (1+ 20 - i

(g) The Graviton-Graviton Loop
(g) = %[ 8(d— z)lK m ] 7 - 2,,#(10 G)V)(U“’B a 2770[(/177“)'8)
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(A-63)

(A-64)

(A-65)

(A-66)

(A-67)

(A-68)

(A-69)

(A-70)



d‘k i i
Q)2+ (2 - 4AKR + (2 - A

4k unvyakp) ]
K+ (2 - 45)aA
4kpn ko) ]

X [(277#(&77,8)1/ - d%znuvnaﬁ) -(I1-ao

X | (2npanor — F5Mpetia) — (1 — @ A-71
| @ = Zzpomae) = ( E 0 han (A-71)

It’s convenient to set @« — 0 at this stage. Then:

d’k 1
© = g red 50 | NS
7 L) Q) k2 + (2 — L2)AP
Setting d = 4 and working out the integral:
3ik*m* 2

(@) = Sz |log(1 - 35) - ) (A-73)

67



M B #rEHEAL: MlLagrangian®|Feynmanii

B.1 Quantum Chromodynamics
B.1.1 Preliminaries

The quantum chromodynamics (QCD) is a non-Abelian gauge theory with the
gauge group S U(3). In the classic level, the Lagrangian of QCD is given by:

Locp = —%GZVG(W + (D — my;. (B-1)
The gauge field strength Gy, is given by:

Gt = ,G° - 0,G5 + gcc™GL G, (B-2)

where g. is the gauge coupling and f* are structure constants of S U(3).
The second term in the Lagrangian (B-1) are fermions term. These fermions are

called quarks. There are six groups of quarks:
gi = (ut, 4 1 dt, st b)), (B-3)

Each group lies in the fundamental representation of the gauge group S U(3), and each

element in a group is a Dirac fermion. The covariant derivative is given by:
Dy =8, —igcGyt*, (B-4)

where s are the group generators.

Once the theory get quantized, the gauge fixing is necessary. Following the stan-
dard procedure of Fadeev-Popov method, we can define the path integral of the theory
in a proper way. Then the Lagrangian of the quantized theory will acquire two addi-
tional terms:

1 .
AL = Lor + Lohost = _E@#GZ)Z + 84(—0"Di)cy,. (B-5)

Now we are ready two expand all the terms in the full Lagrangian, to get the Feynman

rules of QCD.
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B.1.2 Pure Gauge Part

We expand the pure gauge term in the lagrangian (B-1):

~4G4.G = - 1(0,G% - 8,G4 + g™ GhGE)Y:
= - 1(8,G% - 8,G%) - g™ GL G G
~ 18ec GGG MG, (B-6)

and add the gauge fixing term in the lagrangian (B-5)

1
2&c

into the pure gauge term. Then we get:

(0"GL)? (B-7)

1 ~a Ny 1 ay2
- 5G,G* — 320Gy
=3Gi[g"0" - (1 - é)@"‘av]G‘y’ - 8cc™GLGL G
— 180 GLGIGHG . (B-8)

The first term gives the propagator of the gauge boson, or gluon:

|

> f dx GA[g 8 - (1 - L)pa1G4)
_L [k, B[ = g™ + (1 — LKA, (—k) (B-9)
= 2 (27T)4 M g fC v . -

The propagator:
Dyy(k) = =il —k°g" + (1 = 2ykkT™!

_ Kk,
= k2—+ie[g’” ~(I=40)—3

]. (B-10)

Now we turn to the cubic term in (B-8), and work out the corresponding Feynman
vertex. The derivation will be relatively easy if we realize that the Feynman vertex
can be identified as the tree-level approximation of the corresponding 3-point vertex
function I'®|.. Since the vertex functions are generated by its generating functional,
namely the effective action I'. We also know that the effective action is just the classical

action S at the tree level. Thus in momentum space, we have:

G, G5

c
2u° G3

V)|tree
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i3S [G] , 5
— =1
a b c a b c
6G{ 0G5 6GS,  6GY 66} 6G,

[igccde! Ggng“G"ﬁ]

=gcc™[g" (ks — k! + g% (ky — k)" + g (ka — k3 )"].

Where we have used the total-antisymmetry property of the structure constant ¢

In the same way, we can work out the I'® as:

r'Ge ,Gh . GS ,G¢ ) = i6"T
> =2 F3p> F4ol T 5Ga 5GP §GS G
1u 2v7 T 3p7 4o

— _ lg% [ceabeecd(gpygcrv _ g;w'gvp) + ceaccea’b(gyagpv _ gyvgpc')

+ ceadeebc‘(gyvgpa _ gpygm/)].

B.1.3 Ghosts
The ghosts’ Lagrangian is:
Lohost = — E?;a"DchCG = —c"0"(6“0, + gcc“bCGz)cCG
=— cé@zcg + gccabcc“(')”(Gch).
Thus the propagators of the ghosts are:
10ap

Pl = v

The ghost-gluon interaction:
(G, 82, ¢5) = —gec™ k.
B.1.4 Fermion Part
The Lagrangian for the quarks are given by:
Lawarks = Y@ — m)i = Yi(id — m)y; + gcGut“ iy i,

The first term gives the propagators of quarks:
i

Dl = e

5,‘ e
The second term gives the interaction vertex for a gluon and quarks:

TG, i) = igct™y"sij.
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abc

(B-12)

(B-13)

(B-14)

(B-15)

(B-16)

(B-17)
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B.2 The Electroweak Theory
B.2.1 Preliminaries

We first write down the Lagrangian of the electroweak theory in a compact form
L=Lc+Lyu+ L+ Lrn. (B-19)

The four terms on the right hand side are respectively the pure gauge Lagrangian, the
Higgs Lagrangian, the Fermion Lagrangian, and the Fermion-Higgs interaction term.
Their detailed forms will be introduced in turn in the following.

According to Faddeev-Popov method, Once the theory get quantized, we must
also introduce two additional terms, namely the gauge fixing term and the ghost term,

into the original Lagrangian.
AL = Lcr + Lghost- (B-20)
Hence, after quantization, the whole Lagrangian will be:
Lguantized = L+ AL = L+ Ly + L+ Len + Lor + Lehost- (B-21)

This is our starting point. Since it is written in an extremely compact form, thus it
needs some labor to expand this Lagrangian to a form from which we can read the
Feynman rules directly. This is the task of the rest of this section. Various subsections
are organized as follows. (to be added)

Before going to the detailed derivation, we’d better outline the kernel idea of elec-
troweak theory. But this is far from complete, thus only can be treated as a list of
conventions on notations.

As the Lagrangian suggest, the electroweak theory is a gauge theory with Higgs
mechanism. The original gauge group of the theory is SU(2)w X U(1)y. The gauge

field associated with this group are:
Wﬁ, a=1,2,3, and B,

which are associated with the group S U(2) and U(1), respectively.

The gauge symmetry spontaneously breaks into a subgroup U(1), by a scalar field
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¢ which has a nonzero vacuum expectation value:

7T+
- , B-22
¢ (%(h+v+ ino)) ( )
o' = (71'_ %(h +v— iJTO)) (B-23)

Thus the vacuum expectation value of ¢ is

14
= —. B-24
(lol) N (B-24)

The crucial thing is that the remaining symmetry group U(1) is neither the original
U(1)y, nor a subgroup of S U(2)w, but a subgroup of the mixing of SU(2)w X U(1)y.

This mixing is described by a rotation on the generators (WS, B,):

Z cosfy —sinby |[W}
= v Y. (B-25)
A, sinfy cosfy )| B,
Where 6y is called the Weinberg angle. For convenience, we introduce the following

notations:
cos By = cw, sin Oy = sw, tan Oy = tw.

In other cases, 8y will be expressed explicitly, for instance, we will write cos 260y .
The remaining two W fields will be linearly combined into eigenstates of electric

charge in the following form:

1 1 + —

W, \/Q(Wu +W,), B26)
2 _ i -

W, %(WJ W)

The covariant derivatives for a field quantity lying in the fundamental representa-

tion of the gauge group is:
Dy = 8, — 5igt" Wi — ig' YB,,. (B-27)

Where 7¢ are Pauli’s matrices, we adopt the convention:

1 [o 1) , [o —i] . [1 o]
T = , T = , T = . (B'28)
10 i 0 0 -1

72



And Y is called the super charge of the field of which we take the derivative. g and g’

are corresponding couplings, in terms of which the Weinberg angle can be expressed:

o= —2 o= —5 (B-29)

On the other hand, the unit electric charge e turns out to be:
e = gsy. (B-30)

All these relations will be frequently encountered below. We will use them without

further remarks.

B.2.2 Pure Gauge Sector
The pure gauge Lagrangian is:
Lo = —HWa W LB, B (B-31)
Where the field strength tensors are given by:

Wi, = 8,Wy — 8, W + g™ WoWs; (B-32)

B,, = 8,B, - 0,B,. (B-33)
Now we expand them:
— T Wo W = —L(@8,Wy — 0,W. + ge WIWS)?
= — 10V = 0, W) — Lge™ WIWS (W™ — & W)
_ % gz gitbe gade Wf,’ we Wiy
= — 1O W) — 0, W) — g™ Wi W' W
_ % gz( stdsee _ sbe 5dC)W5W5WdyWev
== 10,V - 0,W))* — ge” W Wi o' W
— 18 WIWHWWS — WIWI W W),
Then we get the quadratic term:

— 10, W - 8,W? — 1(8,B, — 8,B,)’
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== 3@ W) - WHFW™ - W)
- 10,2, - 0,2,)* - 10,4, - 8,A,), (B-34)
the cubic term:
— ge Wi W o' W
= — g[(WoW; — W WHo' W'
+ (W W, = WaWHF W + (W, Wo = Wa W) W]
=—ig(cwZ, + swA,)
X[ = W, 0'W* + W, 0’ W + Wio" W™ — W 0" W]
—ig(WrW, + W, W) (cwd"Z + syd"A”), (B-35)
and the quartic term:
— 18 (WIWHW WS — WIWI W W]
= - 1 [@WIWH + WIWHY
— (WiW, + W, Wy + WoW;)]
=38 (Wi W, WHW™ — WIWH Wy W™
— EWiW [y Z,Z" + syAA” + 2cyswZ,A’
+ 38 (WiW, + W, W,)
X [c,Z'Z" + sy, APA” + 2cwswZFA”). (B-36)

B.2.3 Self-Interactions of Scalar
The Higgs Part of the original Lagrangian (B-19) is:
Ly = (Dy¢) (D) — V(9). (B-37)
We first deal with the self interactions of Higgs field:
—V(g) =¢'¢ — ApT¢)* = —Ap'¢ — 17| + const.
=-Ar"n + %(ﬂo)2 +L(h+ v)? — %]2 + const.
= — R - 4h* - vk’ - 4R (x")

— Wh(n®)? — A*n*n™ = 2Avhnn™
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— A7) = (2% = A"y’ nta + const. (B-38)

The expressions in each step are equal up to a constant, we note that the term “const”

appearing above are not all equal.

B.2.4 Higgs-Gauge Sector

Now we come to the covariant derivative term of Higgs field. Note that the super-

charge of Higgs field is %, thus we have:

Dy = 9 — $1°Wip — £ B¢, (B-39)
Then:

(D)D) =(0,0" + L o'W + £-4B,)
X (¢~ S7"W — 5-B'9)
=(0,0M)@¢) + | £7Wip + £ B,g|

+ (crossing term). (B-40)

In the last line, we have expand the covariant derivative of the scalar into three groups.
The first group gives all the kinetic terms of various scalars. The second group gives
all the vertices which do not involve partial derivatives. They contains all the 4 point
interactions, and the 3 point interactions with no derivatives, and the mass term for W
and Z gauge bosons. Finally, the third group, namely the crossing term, contains all the
3 point interactions with partial derivatives, as well as scalar-gauge mixing. As we shall
see, this mixing involves 7* and 7° components of the scalar. Thus these components
are not physical fields.

Our task now is to expand these three groups, to make the statements above ex-
plicit. The final expression should in such a form that all the compact notations, such
as inner summation indices, disappear. The derivations are fairly lengthy, so be patient
please.

The first group in (B-40) reads

0, p) = dm F' 1t + L8,hd"h + L0,7°7°. (B-41)
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As claimed, they are kinetic terms of various kinds of scalars.

Next we move on to the second group of (B-40).

|§THW/L;¢ + %Bu¢|2

= EWIWHGT g+ £ B BGT P+ EWIB T

2ndT(a) 2ndT(b) 2ndT(c)
Three terms again. Be alert, we will expand these by brute force!
The first term in (B-42):
2
gT Wg Whﬂ¢TTaTb 1)
2 2
=L WiWHe L + TP = L WIW T

=L QWIWH + WIWH)(rtn + L@ + L(h +v)?),

(B-42)

(B-43)

In these steps We symmetrize the Pauli matrices, use the anticommutation relations

790 4+ P77 = 26,

and use also the explicit form of Wy and ¢, namely, (B-26) and (B-22).

The second term in (B-42):
72
BB Y
— & BB [ + 1O + Lh+ v,
The third term in (B-42):
2 WiB'¢ ¢

=88 pr (n— Hh+v- iﬂo))

w3 Wl — iw?
X[ M L HH § ]
1. w2 3 1 0
W, +iW —Wﬂ ﬁ(h+v+zn)

= %B"Wi[fﬂ_ - %(770)2 —L(h+ )]
2ndT(c1)
+ S B Wi + W )(h +v)
2ndT(c2)
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+ & B Win - Wnhin'. (B-45)

2ndT(c3)

Now we sum them up:

2ndT(a) + 20dT(b) + 20dT(c1) = £ W W [x*7 + L% + L(h + )]

2ndT(d)
+ 1[EWiWH + g B B + 2g¢' W, B! |n*n

2ndT(e)
+ 5 (EWIWH + ¢ B,B" — 2gg' W B!)[(h + v)* + (n°)*].

2ndT(f)
(B-46)
We further expand the three terms on the right hand side:
_ & - - 2 . 0_0 2 72
20dT(d) = EWyWHnn™ + LW WHnon" + £-W W +h
+ & W Wy 4 £ H (B-47)
2 u &

2ndT(e) = L[g*(cwZ, + swAL)* + & (—swZy, + cwAy)’

+ 288 (cwZy + swA,)(—swZ, + CwAﬂ)]ﬂ'Jrﬂ'_

[(g gz)zz an 4gg A AP + 4g8'(g°~g )Z Ay]ﬂ+ﬂ—

g2 +g"? g2 +g"? g2 +g"?
=( gzzgz:vv) Z,Z'n'n + ezA#A"ﬂ 7~ + (4g° tan Oy cos 20W)Z,AF
(B-48)
_1 2 2 72 2
2ndT(f) =g (g (cwZ, + swAL)™ + & (—=swZ, + cwA,)
— 288" (cwZy + swAu)(=swZy + cwA)|[(h +v) + @°)]
=11 + §HZZ"[(h + v)* + ()]
2
=(:£) (Z.2'W* + 2,2'n°n° + vZ,Z'h) + (£-)' 2, 2" (B-49)

Don’t forget another two terms:
2ndT(c2) = gg B (=swZ!' + ey A YWin™ + W n")(h +v)

_ “Swg&8 - - w88 - -
=2 (ZP Wi h + ZP W h) + LS (AW h+ AW h)
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¢ W (U 4 ZW ) + SEL AW T + AW at). (B-50)
2 It H 2 H pe

2ndT(c3) = & (—syZ" + ey A Win™ — W n")in®
= S (ZiW a0 — ZW ) (B-51)
+ U AW 20 — AW, (B-52)

Now, 2ndT(d), 2ndT(e), 2ndT(f), 2ndT(c2), 2ndT(c3) are readily in the form from
which we can read the Feynman rules directly.

Going on expanding the ugly 3rdT:

3rdT (;’ oW+ 2 B)(10,6 - (0,60)

=— (ﬂ_ Lh+v- iyro)) M+ O
V2 5@+ i8,7%)

7T+
(o L@h-id nO)M“ : B-53)
(“ ¥ O = 10u7) (%(h+v+i7r0)) (

where the matrix M, is:

. _[§<gW3+g'B,,> (W) - W) ]_{%gcwﬁ—t%v)ZﬁieAﬂ A ]
N I . i , - i - i
FW, +iW5)  5(—gW, +g'By) W ~2er
(B-54)

Thus:
igc -2 i _ _
3rdT :{Mzﬂn‘aﬂzﬁ +ieAm 't + EWin dh— SWin o'n°
%gW#_h@”ﬂJr + igTVWM_ﬁ”f — %leﬂoa“f — Ai—gWZ#(h +v —in®)(@"h + i0*7°))
igc - — . — i _ _
— {M@f&“n +ieAmtF T + EW ntFh+ SW nt o' n
+ %W:@”ﬂ_h + igTVW;(?“n_ - %W;ﬂoa‘“n_ - i—igWZﬂ(h +v+ ino)(ﬁﬂh - iﬁﬂﬂo)}
. N _ 2
:—lgLW(Zl ) Z,(n " —nt ) + ieA(n Fnt — o)
+ %W:(n_a"h — ho'n™) — %W;{(n_&“no — 700 77)
- i—gW_(ﬂ+8”h —hd'n*) - SW, (n" 70— 1°0,m")
B W, ' mt = Widhn) + 528 (hdun® — 71°0,h) + £=210,n°. (B-55)
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This is the final results. Don’t worry about the mixing terms like Wor, they will be
eliminated by gauge fixing.

B.2.5 Gauge Fixing and the Ghost Field

As has been mentioned, the quantization of a non-Abelian gauge theory with
Faddeev-Popov method will involve two additional terms in the classical Lagrangian.

They are gauge fixing term and ghost term.

B.2.5.1 Gauge Fixing

The gauge fixing are chosen to be in the so-called R; gauge. This gauge has the

advantage that it can eliminate the gauge-higgs mixing appeared above.

Ler = ——((9 W — Ekax ) - 25((9 B — éxpn’)’. (B-56)
where:
——L(n* - 77)
V2
v v vt
X = %(JT++7T_) : KIZKZEKW:_%, K3=g7’ k= 220 (B-57)

7.[0

Then we have:

1 (W - ) = —i(a,lvw‘“)2 - z—z(fkaq?“)z + 0, Wk

2§
+ - 3 &3 o
=— Eaﬂw Ho,W™ — —(8 /&0% — &gt — T(ﬂ' )
+ iy (W — nWW;) + (w0, Z" + swoA ks, (B-58)
and:
1 5 1 é;KZ (7.[0)2
- 2_5(6 B — fKB¢3) = —i(é?ﬂB“)2 - BT + kg(—swd'Z, + cW(?’"‘A,u)JTO.

(B-59)

Adding them together, we get:
1 V| 2 TS
Log =— —0,WHo,W — —(8,W*)" - (a B — &l mtn — 22 (n")
& 2¢ 26%,

+ iky(n W - n W, ) + C—noa z", (B-60)
w
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B.2.5.2 The Ghost Field

For convenience, we rewrite the gauge fixing lagrangian as:

1 1 1
=-——F,F.— —=F, - —F3, B-61
LG gl 2% 2T 0 A (B-61)
where:

F. ='W, + iékwr™, (B-62)
Fz=8"Z, - éxzn’, (B-63)
Fp=0"A,. (B-64)

Then the ghost terms can be written as:

_, OF¢

Lynost = &' — =" (B-65)

Where 6, = (0,,60-,62,60,) are generators of the gauge group. Now we expand this

term as follows:

_ 6F+ b __(5F_ b _ 6FZ b _ (SFA b
Lohost =C* b +c b ¢ + ¢, 5o ¢ + Ty S0
oWy on* oW, on~
- b - b b
=C (0“ b +1§KW—69b )c +c (6“ b —lfKW—(Seb )c
0Z, on’y . 0A N
+Cz( W —(f ZW)C + CA(G“W)C . (B—66)
Note that:
W, = (=0, * ieA, + igewZ,)0: F igewW, 07 F ieW;6y4; (B-67)
072, = —ichWlIHJr + ichWlfG_ — 0,07; (B-68)
0A, = —ier:0+ + ieWJQ‘ — 0,045 (B-69)
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¢ cos 0
NVor = B2 126, % ien*6s; (B-70)

s _ (.18 g
on —(+7(h+v)—37r 2w

8

5n° = L0 - St + L (h+ )0, (B-71)
ZCW

2 2

From these relations we can deduce:

Lorowt =T [#(=0, + e, + igewZ,) + iékw( = S-(h+v) = Za°) "
ig cos GW -

+ E+[a/~‘(—ichW;) + igkw( — o

)]c +c+[8"( ieW,) + iékw(—ier )]

(=0, — ieA, — igewZ,) — ifkw(%(h +v) — %no)]c_

ig cos 20y
2CW

!
a

+ Z[(?"(HgCWW+ fKZ( + %f)]ci + Ez[ -9, - sz(%(h + v))]cz
K

' (igewW,)) - l.fkw( n_)]cz +c [G“(ierj) - ifkw(ieﬂ_)]cA

gl

+

A| Fied"WT ]c +CA[ 6"6,1]CA. (B-72)

‘We write it into a more clean form:

Lohos =7 (= & —EMG)c + & (=67 - §M2 Je™ + &7( = 0” — EM3)cz + Ea(=67)ca

iEM?
+ Ei( + ied"Ay + igewd'Z, — My, h+ My 0)
v v
M?2, cos 26 _ M, _
+ Ei( Figewo'Wr + —f A il ﬂi)cz + Ez( Figewd'W, ¥ ssMlz ”+)Ci
cwV 2
+ . + + . ¥\ £ é:M%
+ (¥ ied" W F eéMyn*)cs + Ca(Fied" Wi)c* — e77—Lhey. (B-73)

B.2.6 Fermion-Gauge Sector

The fermions in standard model are as follows:

81



Leptons Rep. of SU(2) | Isospin3 I3 | Supercharge Y

Vel VuL ViL 2d 1/2 -1/2

e, M T, 2d -1/2 -1/2

e Mp Tx 1d 0 -1

up, cL 2d 1/2 1/6

dp sy bp 2d -1/2 1/6

Ugp Cr Ig 1d 0 2/3

dr sr br 1d 0 -1/3

In what follows, we will group the left-handed leptons into a group, called L;, the
right-handed leptons will be written as lg. Accordingly, the left-handed quarks will be
grouped as Qy, and the right-handed quarks will be written as g} and qi.

In this manner, we can write the Lagrangian for fermions as:
Ly =Ly Ly + kDrlg + Q1P 01 + GiDurqs + GEDarGS (B-74)

We will expand this formula term by term. Before going into the detail, we note
a left-handed fermion ¢, and a right-handed fermion g can be expressed by a corre-
sponding projection operators P; and Py acting on a Dirac spinor ¥, as:
5 1+
2

-y
2

Y =Py = W, Yr=Pry= . (B-75)

These relations are very useful when we combine the Lagrangians of left-handed and

right-handed parts.

B.2.6.1 The Left-handed Leptons

As has been mentioned, we have:

€;

LL = (Vi) P i = e, u,T. (B_76)

L

The corresponding covariant derivative is:
Df, = it/ + W + gV B, (B-77)

Remember that Y;; = —1/2, thus we have:

i+ Wk _ & g & WH
= 1L :[ 28 —u ’ iOH ;/i 3u g'Bp
%W 14 - EW )
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H 8 8 +
_ 16”+EZ“ @W’u

& -u . _gcw(l—tﬁ,) u_ u :
ﬁW o — ———7 — eA

(B-78)

Then:

2
_ o o g _ gew(l —t5)
LWLy =vidvy + efide;; + ——vpidvi — W ey

2w feuzeii —eepdey;
+ LW + et W, (B-79)
V2 V2

B.2.6.2 The Right-handed Leptons

Now we turn to the right-handed leptons. Note that there are no right-handed

neutrinos, hence:

lgr = eg;, i=eu,T. (B-80)
The covariant derivative:
D’;R =" + g'YRB" = i0" + ¢'B* = i0" — gtwswZ' + eAX. (B-81)
Thus:
[RDiRlg = exider; + gtwswender; — eexAeg:. (B-82)

Now we can combine the two terms involving leptons by introducing y° (Recall the

projection operators mentioned above):

Z,L]DZLLL + l_R]DlRlR ZVLiiﬁVLi + €l+l$€l_ + i1_/,-2(1 - ’)/S)Vi

4CW
cw(l =12 t
_ we;j(l — s + we;j(l +y7)e; — eef Ae;
[ —— 5\, 8 +w- 5
+ VW (1 —y)e; + e W (1 -y
\2 22
8 8 e
=Vidvy; + efide; + —vZ(1 — ¥ )v; + —€;'Z[CW(31124/ -1- _]ei_
4CW 4 cw
+ LW = y)e + et W (1 - ). (B-83)
22 22
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B.2.6.3 The Left-handed Quarks

We can write out everything without further explanation:
o= () =1 GG @
q Li dL ST bL

D, =idt + T W + g ¥ B

The covariant derivative:

; gw3 g g
_ i0# + SWH + = BK %Wﬂt ]
— . 3 4
Lwr i W L
0" + —ch(l Wi zu 4 ZeA %Wﬂt
- g W1 . gew(+65,/3) oy 1 4w (B-85)
%W 0" — —— 2! — 3eA

01,01 =3},idq}; + G ,idq;

gew(1 -1 /3) 2 gew(1 + 12 /3) 1
+ qrlqr; + e‘]LlA‘]Ll qy Zqu
2 2 3
\/— W+qu \EZIL,'W CILr (B-86)
B.2.6.4 The Right-handed Quarks
The last part:
g =(qs) =(ur cr 1),  qs=(qs)=(dr sg br). (B-87)
The covariant derivatives:
2 2gs? 2
D’;R =i0" + g'Y,gB" = i0" + ?g,Bﬂ =" — &w 7H + geA“, (B-88)
Cw
1 gs3, 1
DZR =o' + g'YyrB* = i0" — —g'B" = i0" + ZH — —eA*. (B-89)
3 3cw 3
=U u =U u 2gs%4/ u 2 =U u
QR]DMR(ZR :CIRil¢9‘ZRi ey quZqu 3 eQRiAQRi’ (B-90)
2 | R
q;i?]DMRq;{Q :q;i?iiﬁqld{i ey Clezqu 3 e‘_IRiAqRi- (B-91)
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We can also combine the left-handed and right-handed quarks by introducing y°, as in

the case of leptons:

011,101 + Gk Durdls + GaDarqs

1-£/3 2
=g'idq! + §lidq! + sent 4t /) ”Z(l—vs)%‘—%%l(lw)q,
1 3 2
_ Bewl :t w/3) 3’21 - ys)qf’+6—WQ?’Z(1+75)q§’ eq,Aql eq,Aq,
Cw
8 _dy,- 5\ u
5 1— : 1- ;
+2\/_61,W( ¥Y)g! + 2\/_q,W( Y))q;
=g, 14961, +3%idq! + =G Z(ew(1 = 5t3,/3) — ¥’ [ew)q" + <G 2(cw(t3,/3 = 1) + ¥ Jew)q?
1
= S WA - WA =g B-92
+ eqlAql eqlAq,+2\/_ gw (1 -y + 2\/561,‘%’( Y)q. (B-92)

B.2.7 Fermion-Higgs Sector

Now we turn to the last part, namely the Fermion-Higgs interaction. This interac-
tion is of Yukawa type, and is the origin of the mass of various kinds of fermions. We
must be very careful here, because the weak-coupling eigenstates and the mass eigen-
states do not coincide, for both leptons and quarks. Thus we have to rotate the weak

eigenbasis to the mass eigenbasis, by a unitary mapping acting on leptons or quarks.

The Lagrangian of this part can be written as:
Lry = —yﬁj(LLiHle + l_RjHTLLi) - ()’?jQ_Li(iTzH*)QZj +y{:OLiHdgy,; + h~C-)~ (B-93)

The subtlety we have mentioned are expressed here by the non-diagonal nature of var-

ious of y;; matrices.

B.2.7.1 Lepton-Higgs Sector

I I i
Y Yiz Yiz||¢ér

S N / I I -
Lin=-n (Ve Yu Vol Yor Yoo Vo3 ||Hgr +h.c.

/ / /
Y1 Yz Y33/ \Tg
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) [ [ -
1 Y Y2 Viz||€r
——Mh+v+ i7TO) (ez 7 TZ) yél yl22 ylz3 He |+ h.c.. (B-94)

V2

I -
Y31 Y3 Y33/ \Tg

Now we rotate the leptons into the basis in which the matrix yf ; gets diagonalized.

I - / .
Y Yiz Vi3] r Yi €r

(62 up 1) Y Yo ||Hz =(€Z” [T TZ”) oo || B-95)
T - ] _
Y31 Yz Y33/ \Tg y3)\7

Here and in the following, we use an upper index ’m” to label the mass eigenstate.

Then the second line of £y is:

1
——h+v+ i)y et e + Y "t + YL ) + hee.
N 1€ €R oML HR 2T TR

1
== —=(h+ )€™ " + " "+ YT T
AR 2 )
= (e e ™y VT (B-96)

V2

B.2.7.2 Quark-Higgs Sector

Ur Ug
1 - -
Lon =~ %(h +v—in°) (L_tL L l_L) Oip|er|+ 7 (dL 5L bL) Oip|cr
Ir IR
. dR dR
- %(l’l +v+ iﬂo) (C?L EL [;L) (yfl]) SR — 7T+ (ﬁL EL fL) ()’i) SR + h.c.
br bg
(B-97)
As in the case of leptons, we diagonalize the matrices y?j and yfj.
Vit Vi Yis||u Yy g
(@ o a)ls v wlle|=(@ & 7)| o ||a| @9
Y31 Y3 Y33)\IR y3)\ig
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dd d d
Yir Y Yis||d9r Y1 dy

(dL L bL) Yo Ya Ya||sk|= (dZ’ 57 bf) oo ||sk| B9
d wd d d
Vi1 Y Y33/ \br ¥3)\bg

Thus the first terms in each line of Ly, together with their hermitian conjugations,

sum to:

1
V2
im0

ur _ _ - _ _

(ylitum,ySum + ygcm,)/Scm + ygtfm,}/Stm _ yclidm,)/Sdm _ ygSm’)/SSm _ yglbm,}/Sbm)

"

u—=m m d-m m

(h+ V)(y‘l‘ﬁmum +y5c" ™ + 5 + y‘llc?mdm + 55" ™ + y’g’fl_ambm)

(B-100)

The remaining terms, namely the last term in each line of Ly, can also be expressed in
the mass eigenbasis. The complexity comes from the fact that the unitary transforma-
tions from the weak basis to the mass basis are different for (u, c, ) quarks and (d, s, b)

quarks. This difference is described by the famous CKM matrix:
Vekm = U;ILUdL, (B-101)
where the unitary operator U,; and U, are defined by:
Uurdy; = qur Uardy; = qar- (B-102)

With the help of these formulae, we can rewrite the remaining terms in mass basis.

Before doing this, we note that:

Y8 = (U a0 Uy = 0"n = Y Ut iU, ins (B-103)

WD) im0 YnUudnj = YU Dim Ui (UL )i Uudns = ¥4 (ViaDiys  (B-104)

and:
WL Din O unUardnj = ¥ U, D i Uan)mie U in(Uardnj = Y (Vexm)ij.  (B-103)
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Now we are ready to write the needed terms:

iy vidy
(a5 By V| vicp | -7 (m @ 7) Ve | yisy
Yilg ysbg
B.3 The Feynman Diagrams for QCD
B.3.1 Propagators
G Ry k 4 _iéab [ w o (1 _é:_a )kﬂky
- 00000000, 2t A
k b iéab
a
cGg .7 ... e k2 1 e
/8 I k J 0
» k—M,; +ie

B.3.2 \Vertices

+ h.c.

= gec (" (ks — ki Y + g (ki — ko) + "' (ky = k3 )*)

(B-106)

- _ l-g'é(ceabeecd(gpyg(rv _ g;w'gvp) + Ceaccedb(g,u(rgpv _ gﬂvng')

G}
k
ky
f Gy
Gy Gy
+ cead eebc ( gyv ng' _ gp,u gO'V))
d Gy
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b
e

a
e

b
gﬂ
— _ cabck,u
2k s
f

= igcfayﬂfsij

Vi v

B.4 Diagrams for Electroweak Theory

B.4.1 Propagators

b k - i
' k2 =202 + ie
0 k I
T e e e __ U —
T k2—§M§+i€
o k -t
TR k2 — M3, + ie
g o
o=y
k= — EMy, + ie
k —i
W+:w = W —(1=)———+
k2—M5V+ie[g =95
_ k -1
w 3W = H— (1 -
e



. k _ I v
Z'w K2 M% I:g# -(1-9
) k 3 y kFk”
A"H/\NW\/\): 2+ [gﬂ -(1-9 k2]

c* k = :
...... ». e e e k2 §M2W+l6
c k = :
...... <. P k2 gMa/_i_lG
Cz . k = !
® L e e e e e e e e e e e e kz §M§+l€
Ca k S
A k2+i€
) k _ !
f > B k—M;+ie

B.4.2 Pure Gauge Interactions

W W
= ig* (28" ¢ — g"g" - §"7¢")
W W
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S
5

= —ig’cy (28" 8" — %8 — g"7g")

Z, Z,
W W

= —ie*(2¢" g’ — g"'g"" — g""g")
A, A,
W W

= —iegew (288" — g — gg™)
Z, A,

—igew|g (ky — k) + P (k- — k)
+ 8'0#(](2 - k+)v]

—ie(g"(ky — kY + g"P (k- — ky)H
+ 8" (ka — k1))

B.4.3 Higgs Self-Interactions

The following nine diagrams follow from the eqn.(B-38)
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= —6ilv
h h
h
= —2ilv
7;0/// \\\ﬂo
h
= =2idy
N
at n

B.4.4 Higgs-Gauge Interactions

The following 16 diagrams of 2Higgs-2gauge bosons interactions follow from the

Eqns.(B-47), (B-48), (B-49), (B-50), and (B-51).

g A
at -
+ —
W, W,
. 9
\‘\_\_\(r,—fﬂ _ig o
e Mo 2
7
7 N
, AN
, N
70 70
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W-

2
h h
Zy, Z,
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ig? cos? 26y v
— 2 8

/ \\ 4C%V

7;+ -
Z, Z,
\\\\(lf/f Y
Vd N 2
/// Mo 2CW
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e N
at 7°
W/f A,
\\_\_\_/\(,:/JJJ
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7
7
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g swg*

B 8" swg?

g swiwg®
2

g swiwg’
2

ig" cwtwg®

ig" cwtwg®
2



= iezg’”

\‘\\}(f,—/-ﬂ _ 4igﬂvg2tw cos 20w

The following 13 diagrams of 1Higgs-2gauge bosons interactions follow from

Eqn.(B-55).

h
3 ig“"gzv
2
W W,
h
3 igh g%y
- 2
4cW
Z, Z,
o~
I
4 _ _ig"swiwg’y
,Jfﬁk“\\ ’
Wy Z,

96



3 igh swtwg?v

2

igh" swg*v
2

ig" swgv
2

2

8
& ko — kW
2(0 )
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= %(ko — k)
RN
7;+ P
Wy
=L — kY
ky, <« k_ 2
\\
h T
W,
= — 58k, — k)
by N ’
at h
le
= 55—y — ko’
kh \\ko 2CW
h P

B.4.5 Vertices with Ghost

The following 12 diagrams with ghosts come from Eqn.(B-73).

= +iek"
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B.4.6 Fermion-Gauge Interactions

ig

Zy
/E\ e
Vi Vi

Zy
/E\ ) iTg HewBty = 1) =¥ few)
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Vi e
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B.4.7 Fermion-Higgs Interactions

The following diagrams are presented in the MASS EIGENBASIS!!
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